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1. Introduction

Graphs in this paper are simple and finite. A star coloring of a graph is a proper vertex coloring such that the union of
any two color classes induces a star forest. This notion was first introduced by Griinbaum [5] in 1973 and did not attract
more attention until 2001 in the paper by Fertin, Raspaud and Reed [4]. Just like relation between concepts of traditional
edge and vertex colorings, a star coloring of a line graph is a star edge coloring of the original graph.

A star edge coloring of a graph G is a proper edge coloring such that every connected bicolored subgraph is a path
of length at most 3 (the length of a path is the number of edges). The notion of the star edge coloring is intermediate
between acyclic edge coloring, when every bicolored subgraph is acyclic, and strong edge coloring when every bicolored
connected subgraph has at most two edges.

The star chromatic index of G, denoted by x.,(G), is the smallest integer k such that G is star k-edge-colorable. Liu and
Deng [11] showed that x/,(G) < [16(A — 1)%1 when A > 7. Dvorak, Mohar, and Sdmal [3] presented a near-linear upper
bound for x,(G).

Theorem 1.1 ([3]). For any graph G with maximum degree A, x/,(G) < A - 20(1Vleg4,
Bezegova et al. [1] and Deng et al. [2] independently proved the following bound for trees.
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Theorem 1.2 ([1,2]). Let T be a tree with maximum degree A. Then

3A
Xs’t(T) = \\ZJ ,

and the bound is tight.

It seems very difficult to determine the star chromatic index of graphs even for complete graphs and subcubic graphs.
Lei, Shi, and Song [9] showed that it is NP-complete to determine whether a subcubic multigraph is star 3-edge-colorable.
Dvorak, Mohar, and Samal [3] presented the following upper and lower bounds for complete graphs:

22~/§(1+o(1))\/logn
2n(1+0(1)) < x, (Kp) < n—5—
(logn)s

Dvorik, Mohar, and Sdmal [3] also studied star edge coloring of subcubic graphs and proved the following.

Theorem 1.3 ([3]). If G is a subcubic graph, then x/(G) < 7.

They made the following conjecture.

Conjecture 1.4 ([3]). If G is a subcubic graph, then x/,(G) < 6.

A natural generalization of star edge coloring is the list star edge coloring and it was pointed out in [3]: It would be
interesting to understand the list version of star edge coloring.

For a given list assignment L which assigns to each edge e a finite set L(e), a graph is said to be L-star-edge-colorable
if G has a star edge coloring c such that c(e) € L(e) for each edge e. L is called an edge k-list if each L(e) is a set of size
at least k. A graph G is star k-edge-choosable if for any edge k-list L there is a star edge coloring c¢ such that c(e) € L(e)
for every edge e. The list star chromatic index of a graph G, denoted by ch;,(G), is the minimum k such that G is star
k-edge-choosable.

Dvorak, Mohar, and Sdmal proposed the following problem in [3] for the list star edge coloring.

Problem 1.5 ([3]). Is it true that ch},(G) < 7 for every subcubic graph G? (Perhaps even < 6).

Problem 1.6 ([3]). Is it true that chi,(G) = x.(G) for every graph G?

In an attempt to solve Problem 1.5, Kerdjoudj et al. [6] proved the following results on list version for subcubic
graphs with certain maximum average degree conditions. The maximum average degree of a graph G is defined by

mad(G) = max{zllf((lff))“ :H C G

Theorem 1.7 ([6]). Let G be a subcubic graph. Then each of the following holds.
(i) chy(G) < 8.
(ii) If mad(G) < 1, then ch}(G) < 5.
(iii) If mad(G) < 3, then ch},(G) < 6.

In this paper, we attempt to study the list star edge coloring of general graphs and present a couple of upper bounds
on the list star chromatic index in terms of degeneracy. After this paper was submitted, there are quite a few papers on
this topic are published (c.f.[7,8,10,13]). Also, Problem 1.5 was solved by LuZar, Mockovciakova and R. Sotak [12].

By introducing the notion of a slightly stronger edge coloring (than star edge coloring) we first give a concise proof for
the list star chromatic index of trees, and thus extend Theorem 1.2 to the list star chromatic index. Then by modifying
the ideas of the proof for trees and introducing some orientation technique, we present some upper bounds on list star
chromatic index of k-degenerate graphs for general k > 2 (Theorems 1.8 and 1.9). Besides the orientation technique, our
main coloring strategy is to find a partition of each E(v) into two parts such that the colors used by the edges in one part
can be repeated by some edges with distance two from them. This will help reduce the number of forbidden colors. We
believe that our method will be useful in the future study of star edge coloring.

Theorem 1.8. For every tree T with maximum degree A,
3A

Chét(T) < LTJ )

and this bound is tight.

Theorem 1.9. Let k > 2 be an integer. For every k-degenerate graph G with maximum degree A, we have the following two
upper bounds:
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Fig. 1. An example on definition of distance.
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Fig. 2. A %—strong 9 edge coloring: c(x1x), c(x2x), c(x3x) ¢ c(y) and c(y1y), c(y2y) & c(x).

(a) chy(G) < “‘%A — @ The bound is tight for Cs as chy(Cs) = 4.
(b) ch(G) < 2kA + k* — 4k + 2.

Remark 1. By comparing those two bounds, it is easy to see that (a) is better than (b) if and only if k < 4.

3
Remark 2. Theorem 1.8 implies that if x/(T) = L%AJ, then x/(T) = chy(T). In particular, it is proved in [1] and [2] that if
T is a tree which has a A-vertex whose neighbors are all A-vertices, then x(T) = L%J and thus x/,(T) = chy(T) = L%J
by Theorem 1.8. This responds to Problem 1.6 for some trees.

Before proceeding we need to introduce some notation. A graph is k-degenerate if every subgraph has minimum degree
at most k. A connected graph is 1-degenerate if and only if it is a tree. We use V(G) and E(G) to denote the vertex set
and edge set in a graph G, respectively. For each integer k > 1, let [k] = {1,2---, k} and denote Vi(G), V<x(G), V>k+1(G)
the set of vertices with degree k, at most k, at least k + 1 in G respectively. Denote Eg(u) the set of edges incident with
the vertex u in G and dg(u) = |Eg(u)| the degree of u in G. Let D be an orientation of G. For each vertex v € V(G), denote
Eg(v) (Ep (v), respectively) to be the edges oriented out from (into, respectively) the vertex v, and let d~(v) = |E, (v)|
and d*(v) = |EZ (v)|.

2. Star edge coloring and %-strong edge coloring

We first apply our coloring strategy on trees, and then we generalize it to arbitrary graphs.

2.1. List star edge coloring and list %-strong edge coloring on trees

In this subsection we will prove Theorem 1.8.
Let G be a planar graph embedded on the plane. For each pair of adjacent edges uv, u,v € E(v), define the distance
from uqv to upv at v to be

pu(tqv, upv) = 1+ [{uv € E(v) : uyv, uv, upv are located in the clockwise order}|.
It is obvious that p,(u v, uyv) + p,(Uzv, uv) = dg(v).
Example: In Fig. 1, p,(uqv, upv) = 1, p,(tav, uv) = 5, py(usv, usv) = 2, p,(Ugv, uzv) = 3.

For an edge coloring ¢ and each vertex x, denote c(x) = {c(xu) : xu € E(G)}.

Definition 2.1. Let G be a plane graph and 0 < r < 1 be a rational number. An r-strong edge coloring of G is an edge
coloring c : E(G) — [k] such that

(i) c(eq) # c(ey) for any two adjacent edges e, e;;

(i) for any edge xy € E(G), if px(vx, yx) < rdg(x), then c(vx) ¢ c(y); if p,(uy, xy) < rdg(y), then c(uy) ¢ c(x).
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A 0-strong edge coloring is a proper edge coloring, and a 1-strong edge coloring is a strong edge coloring. In this paper,
we focus on %—strong edge coloring of graphs. We first show that a %-strong edge coloring is always a star edge coloring
and then show that every tree T with maximum degree A has a list %-strong edge coloring as long as |L(e)| > L%J for
each edge e. An example of 1/2-strong edge coloring can be seen in Fig. 2.

Lemma 2.2. Let G be a plane graph and c be a proper edge coloring of G. If ¢ is a %—strong edge coloring, then c is a star
edge coloring of G.

Proof. Suppose to the contrary that c is not a star edge coloring. Let P = xyzuv be a bicolored path (or cycle) where
c(xy) = c(zu) and c(yz) = c(uv). By the definition of %—strong edge coloring, we have c(tz) # c(xy) for any tz € E(z)
with p,(tz,yz) < 1dg(z). Thus p,(uz,yz) > L@J + 1 since c(uz) = c(xy) € c(y). For the same reason, we have

p2(yz, uz) > | %42 | + 1. This implies

d(2) = pa(yz, uz) + ps(uz, y2) > {"G;Z)J 1+ ch(Z)J +12de2)+ 1,

a contradiction. M

Now we are ready to prove our result on trees (Theorem 1.8). By Lemma 2.2, Theorem 1.8 follows directly from the
theorem below.

Theorem 2.3. Let T be a tree with maximum degree A embedded on the plane and L be a L%Aj-list assignment. Then there
exists a %—strong edge coloring c such that c(e) € L(e) for every e € E(G).

Proof. We prove the theorem by induction on |V(T)|. The theorem is obvious if |V(T)| = 2. We assume |V(T)| > 3. Let
x be a vertex in T such that x is adjacent to at least dr(x) — 1 leaves. Denote t = dr(x) — 1 and let x1x, ..., XX, yx be the
edges in Er(x) in counterclockwise order where xq, X5, ..., X; are leaves. Let T = T —{xq, ..., X¢}. By induction hypothesis,
T’ has a %—strong edge coloring ¢’ such that c¢’(e) € L(e) for every e € E(T’). We shall extend ¢’ to be a %—strong edge
coloring c of T.

Denote s = L@J. For every 1 <i <s, we have

IL(xix) \ ')l = L%AJ —A>s.

Thus we can first color the edges x:x, ..., x;x properly by coloring each x;x with a color from L(x;x) \ ¢/(y) for every
1<i<s

Denote | = L@J. Let y1, ...,y be all the neighbors of y with p,(y;¥,xy) < I (j € [l]) and denote Ly = {c(xx) : i €
[s]} U {c(yjy) : j € [11} U {c(xy)}. By the definition of %—strong edge coloring, Ly is the set of all forbidden colors for xx; for
eachs+1<j<t.

Then for each s + 1 <j < t, we have

|L<xx>\L|>fAJ H ! H A-1 HN s
A N i 1 e Pl e P

Thus we can color the edges Xsy1X, Xs42X, ..., X;x properly by coloring x;x with a color from L(xx;) \ Lo for each
s+1<j<t.

Finally, we show this coloring is a %-strong edge coloring of T. It suffices to verify the edge xy satisfying condition
(ii) of Definition 2.1. Let v € {x1,...,Xs} and u € {y1, ..., y}. If px(vx, xy) < L%dT(x)J = s, we have c(vx) ¢ c(y); and if
oy(uy, xy) < L%dr(y)J = I, we have c(uy) ¢ c(x). Therefore, the resulting coloring c is a %—strong edge coloring of T. The

proof is completed. W

2.2. A generalization of %—strong edge coloring

Note that in the definition of %—strong edge coloring of a plane graph G, we only use the clockwise order of E(v) for
each vertex v, but not any other planarity structures. So the idea of %—strong edge coloring can be generalized to arbitrary
graphs as long as we have a cyclic ordering of edges in E(v) for each vertex v.

Definition 2.4. Let G be a graph and let o(v) be a cyclic ordering of the edges in E(v) for each vertex v. o is called a
local ordering of E(G). The distance from edge uv to wv at v with respect to o, denoted by p, ,(uv, wv), is their distance
in o(v).
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One may consider o(v) as a directed cycle with vertex set E(v) and the distance from uv to wv is the length of the
directed path from uv to wv in the directed cycle. Thus p, ,(uv, wv) + ps ,(wv, uv) = d(v). Denote

Fou(uv) = {wv € E(v) : po o(uv, wo) < LCIEMJ}

Let G be a graph and o be a local ordering of E(G). A proper edge coloring c is a %—strong edge coloring with respect
to o provided that for each edge uv € E(G), c(uv) ¢ c(w) if wv € F, ,(uv) (or equivalently p, ,(uv, wv) < L@J).

For convenience, the local ordering o will be mentioned explicitly only when needed. If o is understood from the
context, we simply use p,(uv, wv) and F,(uv) to denote p, ,(uv, wv) and F, ,(uv), respectively. Note |F,(uv)| = L%J.

Similar to Lemma 2.2, a %—strong edge coloring ¢ of G with respect to o is a star edge coloring.

Lemma 2.5. Let G be a graph. For any local ordering, every %—strong edge coloring of G is a star edge coloring.

Proof. Suppose to the contrary that P = xyzuv is a bicolored path (or cycle) of length four in a %—strong edge coloring c
of G. Since c(yz) € c(u), we have p,(yz, uz) > L@J. Since c(zu) € c(y), p,(uz,yz) > L%J. Thus p,(uz, yz) + p,(yz, uz) >
2(L?J + 1) > d(z), a contradiction to the fact that p,(uz, yz) + p,(yz,uz) = dg(z). ®m

We show a general upper bound on the list %—strong edge coloring of graphs, which will be needed in the proof of
Theorem 1.9-(b) when k € {A, A —1, A —2}.
For two positive integers A and k, denote

AT+ (k—1)A, if k < [£] and A is even;
%A2+2"2—_3A+%, if k < 2] and A is odd;
Az—i—"%“A—i—Zk—l, if k> [2]+1and A is even;
A2 E2A+ 3B ifk> | 2]+ 1and A is odd.

Theorem 2.6. Let G be a k-degenerate graph with maximum degree A > 3. Then, for any local ordering and for any £-list
assignment L, there exists a %-strong edge coloring c such that c(e) € L(e) for every e € E(G).

Proof. Let o be a local ordering of E(G). Let G be a counterexample with |E(G — V;)| minimized. By Theorem 1.2,
G is not a tree and G — V; is connected. Let v be a vertex such that dg_y,(v) is the minimum in G — V;. Denote
Ec(v) = {xqv, ..., X;v, y1v, ..., ¥sv}, where dg(x;) > 2 and dg(y;) = 1 foreach 1 <i <t and each 1 < j < s. Construct a
new graph G’ from G — v by adding new degree one vertex x; connecting x; for each 1 < i <t where the edge xx; plays
the same role as vx; in the ordering o (x;). Since v is adjacent to at least one vertex of degree large than one in G, we have
|[E(G' — V1(G"))| < |E(G — V7)|. By the minimality of G, there exists a %—strong edge coloring ¢’ such that c’(e) € L(e) for
every e € E(G'). Uncolor the edges x/x;'s and we still use ¢’ to denote the new coloring. Then the coloring ¢’ restricted to
G — v is a partial %—strong edge coloring of G, and we shall extend ¢’ to a %—strong edge coloring c of G by coloring the
edges in E(v) appropriately.

We color the edges xjv in {x1v, xv, ..., x,v} with |F,(x;v) N {x1v, Xov, ..., X0} = L%J first, and then color the
remaining edges in {xv, Xpv, ..., Xx;v}, and finally we color the edges y v, ..., ysv.

In the following, we estimate the maximum number of forbidden colors in order to color the edges in E(v). Let uv € E(v)
where u € {1, ..., x;}. Suppose we pick a color « to color uv.

We first consider the forbidden colors on u’s side. By the definition of %-strong edge coloring, we have

(i) for each edge uw € F,(vu), @ ¢ c’(w). Since |c¢'(w)| = dg(w) < A and there are |F,(vu)| such edges, the total number
of forbidden colors from those edges is at most |F,(vu)|A = L@JA;

(ii) for each edge zu ¢ F,(vu) and for any z’z € E(G) with uz € F;(z'z), ¢/(z'z) does not appear in c’(u). Since
c'(z'z) & c'(u), we have a # ¢(z'z) and thus including c’(zu), there are at most L%J + 1 forbidden colors in ¢/(z). Since uv
is not colored yet, there are (d(u) — 1 — L@J) such edges zu. Therefore the total number of forbidden colors from those
edges is at most (d(u) — 1 — [ %X |)([ 2]+ 1).

So the number of forbidden colors on u’s side is at most

d d A A A A
L?J A4 (du)—1- \‘(ZU)J)(\‘ZJ +1) < LZJ A4+(A-1- \‘ZJ)(\‘ZJ +1). (1)

Now we consider the forbidden colors on v’s side. Note that yqv, ..., ysv are not colored yet. It is clear that the number
of forbidden colors on v’s side is at most
(t—1)A < (k—1)A. (2)

However we can have better estimation when t > L%J + 1.
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Denote A = F,(uv) N {x1v, Xav, ..., x;v} and a = |A|. Let h be the number of colored edges in F,(uv), and let u’v be the
colored edge in A with p,(uv, u'v) maximized.

Similar to (i) and (ii) we have the following:

(iii) For each edge wv € A, o ¢ ¢/(w) and thus there are dg(w) < A or dg(w) — 1 < A — 1(depending on whether wv
is already colored or not) forbidden colors at w.

(iv) For each edge wv € {xqv, Xav, ..., X, v} — F,(uv), similar to (ii) there are at most L%J + 1 forbidden colors. Note
there are at most (t — 1 — a) such edges.

Ifa=|Al < L%J — 1, by (iii) and (iv) the total number of forbidden colors caused by v’s side is at most

)(EJ +1)

Q
D>
+
|
|
Q

(

A A A
<(|l=1—-1A t—| = 1
_(LZJ )A +( LJ)(LZJJF )
A A A
<|l=1A-]1=|-1 A+ k(| = 1
< _2_( 7 )—A+ LZ +1)
A A A
<|=la-|= k(| = —A-1 by 2] +1<}
=|7]e-|7]- +(M+ (by [3]+1<k)
= (A = 4)+ k( = +2)— (by 214 ] < A)
12 2] 2 velal=2)
Now assume |A| = L%J. Then F,(uv) € {xqv, X3v, ..., Xx;v} and L@J = L%J. Since u'v is already colored, by the
coloring algorithm, |F,(u'v) N {x1v, Xov, ..., xv}| = |A| = L%J. Thus F,(u'v) C {x1v, Xv, ..., xv} and |F,(u'v)| = L%J.

Note that h < p,(uv, u'v). Since the colored edges in F,(uv) do not belong to F,(u'v) if h # 0, we have h + L%J <
ou(uv, u'v) + |Fy(u'v)| < t. Thus

A
hgt_bj. 3)

By (iii) and (iv), the total number of forbidden colors on v’s side is at most

A h)(A -1 t—1 A A 1
+(\‘2J_ A=)+ (t—1- 5 )(\‘ZJ—F )

=
DN

T
L

A A A
:_2_(A—l)+h+(t—1—L2J)(_2_+1)
< _?_ (A-1)+t— {?J +(t—1-— L?J)({?J + 1) (by Inequality (3))
_ A A A4 _ 41y
—_2_(A 2)+t({2J+2) (1+_2_)
- § (A—2)+k(EJ+2)—(1+ %)2 (by ¢ < k)

A

2

(A—EJ Hk{ J+2)—1

Therefore, if k > L%J + 1, then by Inequality (1) the total number of forbidden colors for uv is at most

T

A A

A A A
At(A=1—| 5 |X 2_HHLJM_LJ_‘}HI{(LJH)_]E“]'

A
L 2
If k < L%J, then by Inequalities (1) and (2) the total number of forbidden colors for uv is at most
A
2

At(a-1-|5 )(_5_+1)+(1<—1)A§z—1.

Finally, when we color y;jv (j € [s]), the total number of forbidden colors is at most

AMara—1- 22 4+<e-1
2 2 | 2 = '

Therefore, we can complete the coloring process to obtain a 1-strong edge coloring ¢ of G, a contradiction. This

2
completes the proof of the theorem. W
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Fig. 3. Local structure of E(v;).

Note that Theorem 2.6 also provides a general upper bound 242 — 1 (and 3A% — A + 2 when A is odd) for 1-strong
edge coloring of graphs with maximum degree A.

3. List star edge coloring of k-degenerate graphs—two more upper bounds

In this section, we modify the idea of the proof of trees by introducing a special orientation of a graph G to handle star
edge coloring and present two more upper bounds.

Definition 3.1. Let G be a graph on n vertices with maximum degree A, and p,q < A be two positive integers. A
well-ordered (p, q)-star orientation (V, D) of G is a vertex enumeration ¥V = (vq, vo, ..., v,) together with the orientation
D such that, for each i € [n],

(a) df (vi) = |E§ (w)] < p; 4

(b) for any uv; € E; (vi), |Eg;(u)l < q, where G; is the subgraph of G induced by U}:lEB(vj).

We also need to modify the definition of local ordering of G (see Definition 2.4) for digraphs.

Definition 3.2. Let G be a graph and D be an orientation of G. Let o(v) be a cyclic ordering of the edges in Ej (v) for
each vertex v. o is called a local ordering of D. The distance from edge uv to wv at v with respect to o, denoted by
Po.v(Uv, wo), is their distance in o (v).

Theorem 3.3. Let G be a graph with maximum degree A and let p, q < A be two positive integers. Assume that G has a
well-ordered (p, q)-star orientation (V, D). Then

, 3q+2p TA— plg+1) ifA<p+2;
Chst(G) = { 3q+2p 1A q%i—3) l'fA ; p+3'

Proof. Let o be a local ordering of D. We will define a coloring of G recursively by coloring Gy, G, until G, such that the
coloring of G; is indeed a star edge coloring of G; for each i € [n]. For a given edge uv € E; (v), denote

Fy(uv) = {wv € E; (v) : py(uv, wv) < \\d%(v)J} and g,(uv) = wv where p,(uv, wv) = 1.

First, we color G; with a proper edge coloring. Note that E(G;) induces a star (possible empty).

Now we assume that G;_; is already colored with an edge coloring c. We are to extend the coloring c to the edges
in E(v;) to obtain a star edge coloring of G;. Denote o(v;) = {ujv;, uzv;, . ..,uds(vi)vi}. Suppose that all the edges
uqv;, ... uj—qv; are colored and we are to color the edge u;v; according to the following rules (see Fig. 3).

(i) c(ujv;) # c(uev;) for any t € [dy (vi)] witht <j—1;

(u

(i) c(ujv;) ¢ c(y) for any yu; € Eg,(u;) with 'y # vy,
(
(

i)
(iii) c(ujv;) ¢ c(z) for any zv; € F,,(ujv;);
(iv-a) c(ujv;) ¢ c(x) for any vix € E,;r(v,-) with c(vix) € c(y;) or dg;(x) < A - 1;
(iv-b) for any vix € E;(vi) with c(vix) ¢ c(u;) and dg,(x) = A,

c(x)\ c(gx(vix)), ifA>p+3;
C(ujvi) ¢ { C(X), ifA < p+2.
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Now we estimate the number of forbidden colors for ujv;.

(a) By (i) ujv; and ugv; should be colored with different colors for any k # j, and this requires at most d,(v;) — 1
forbidden colors.

(b) The number of forbidden colors from (ii) is at most (q — 1)A, since |Eg, ,(y;)| = |Eg, ()] — 1 <q— 1.

(c) For each z with zv; € F,(ujv;), [c(z)| < |Eg,(2)] < q and the color c(zv;) is already counted as a forbidden color in

(a). Thus the number of forbidden colors from (iii) not counted in (a) is at most (q — 1)L@J.

Let a = |{vix € Ej (v) : c(vix) € c(u;) or dg,(x) < A — 1}]. Then 0 < a < d}} (v;).

(d) If c(vix) € c(y;), then c(vix) is counted in (b). Thus the number of forbidden colors from (iv-a) not counted in (b)
is at most a(A — 1), and the number of forbidden colors from (iv-b) is at most (d;r(v,») — a)A (when A < p+ 2)or
(d;(vf) —a)(A — 1) (when A > p + 3). Hence the number of forbidden colors from (iv-a) and (iv-b) is at most d,‘;(v,-)A
(when A < p+2)or dj(v;)(A — 1) (when A > p + 3).

Therefore, when A > p + 3, the total number of forbidden colors for u;v; is at most
dp (vi)

(Q—l)A-HQ—l)L J+d§(vi)(A—1)+dD(vi)—1

=(@-1A+(@-1) {dD;vl)J +dy(vi)(A = 2) + (dy (v)) + dp (v) = 1

A —dj(v) " . N _

<@-1DNA+((@q-1) —s +di(vi)(A —2)+ A — 1 (since d (v;) + dp(vi) < A)

3g—-1 2A—-3—¢q
= ) A+ <2) d;(v,) -1

3g—1 24 —3—
< q2 A+<2q)p—1 (since d*(v;) < p)

3 _
_dat2p-1, pa+3)

2 2

If A < p+2, then similar calculation yields that the number of forbidden colors is at most 222~ A — X&fl _ g,

Therefore, 222=1 A — &1 colors (when A < p + 2) or 21522=1 A — K483 colors (when A > p + 3) are enough to
complete the coloring process.

Finally we show that this coloring is indeed a star edge coloring. It suffices to show, in the graph G;, for eachj € [d}, (vi)],
after coloring ujv;, it does not produce a bicolored path or cycle of length four. Suppose to the contrary that there is a
bicolored path or cycle P of length four containing the edge u;v;. Obviously by (ii), P is not a cycle and v; is not an endpoint
of P. Let ujvix be a subpath in P. Then either c(ujv;) € c(x) or c(vix) € c(u).

If xv; € E;(vi), then x = uy for some k € [d,(v;)]. By (ii), c(ujv;) ¢ c(y) for any yu; € Eg,(u;) with y # v;, and so
uy is not an endpoint of P. Similarly, u; is not an endpoint of P. This implies c(u;v;) € c(ux) and c(uxv;) € c(u;). By (iii),
ugv; & Fy(wjvy) and wju; & Fy (ugv;). Thus py, (uv;, wevi) > LWJ + 1 and py,(ugv;, ujv;) > L@J + 1. Therefore we can
obtain the following contradiction:

_ dp, (v;) _
dp (vi) = py; (U, Ugv;) + oo, (Ukv;, Ujv;) > 2 {yj +2>dy(v)+ 1.

Now we assume v;x € Eg(v,-). By (ii) again, x is not an endpoint of P which implies c(ujv;) € c(x). By (iv-a) and (iv-b),
c(vix) & c(uj) and dg,(x) = A > p+3. Thus u; is an endpoint of P. Let P = ujvixx1X,. By (iv-b), x1x € E; () and xx1 = gx(viX)
(meaning px(vix, x1x) = 1).

Since P is bicolored, we have c(xx;) = c(u;v;), and so c(u;jv;) = c(xx1) = c(g(vix)) and dg, ,(x) = dg(x) =A >p+3
by (iv-a) and (iv-b). Hence d;,(x) > A — p > 3. Note c(v;x) € c(x1).
dp (x)

If x1x, is colored before v;x, then x;x ¢ Fy(v;x) by (iii). But we have dj;(x) > 3 and 1 = py(vix, x1X) < [ -5

implies x1x € Fy(v;x) by definition, a contradiction.
Now assume that x1x, is colored after v;x. By (ii), x1X is oriented from x, to x; since c(x1x2) € c(x). By (iv-a) and (iv-b),
we have c(x1x;) = c(gx(x1x)) which implies p,(x1x, vix) = 1. Thus we obtain the following contradiction:

|, which

3 < dj(x) = px(vix, x1x) + px(X1X, viX) = 2.
Therefore c is a star edge coloring and thus completes the proof of the theorem. B
By modifying the coloring algorithm in the proof of Theorem 3.3, we also obtain another upper bound for ch,(G) for
any graph G with a well-ordered (p, q)-star orientation.
Theorem 3.4. Let G be a graph with a well-ordered (p, q)-star orientation (V, D). Let A > 3 be the maximum degree of G
and let q > 2. Then

ch,(G)<(p+qQA+q*—3q—p+2.
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Proof. We adopt the same notation as in Theorem 3.3 and modify the coloring rules as below.

We assume that G;_; is already colored with an edge coloring ¢ and we extend the coloring c to the edges in E; (v;)
to obtain a star edge coloring of G;. Assume that all the edges u;v;, ...u;_1v; are colored. We are to color the edge ujv;
according to the following rules.

(1) c(ujv;) # c(uevy) foreach t <j—1;

(ii) c(u v;) ¢ c(y) for any yu; € Eg,(u;) with y # v;;
(iii) c(ujv;) ¢ c(z) for any zv; € Ej (v;) with c(zv;) € c(u;);
(iv) c(ujvy) ¢ c(x) for any vix € EJ (v;).

Denote b = |c(E; (vi)) N c(u;)|. Then b < g — 1. Similar to Theorem 3.3, the total number of forbidden colors for u;v; is
at most

(@— 1A+ (g — Db+ dj(v)A + (dy(vi) —b— 1)
=(q— 1A+ (q—2)b+di(wi)A— 1)+ (dj(vi) + dp (v))) — 1
<@-1DA+(@—-2g—1)+pA-1)+A4-1
=(P+9A+¢ —3q—p+1.

Since there are (p + q)A + q* — 3q — p + 2 colors, one can always find a color for u;v;.

Now we show that after coloring u;v;, the new coloring is a star edge coloring. Suppose to the contrary that P is a
bicolored path or cycle of length four containing the edge ujv;. By (ii), P is not a cycle and v; is not an endpoint of P.
Let ujvix be a subpath of P. By (ii) again, x is not an endpoint of P. Thus c(ujv;) € c(x), and so xv; € Ej(v;) by (iv). Thus
by (iii), c(xv;) ¢ c(u;), which implies that u; is an endpoint of P. Denote P = ujvixx1x, where u;v;, Xv; € Ej(v;) and
c(xv;) = c(x1X2) € c(xq). Thus xx; and x;x, both are colored before xv;. By (ii), c(xv;) € c(x1), a contradiction. This proves
Theorem 3.4. W

We shall show that every k-degenerate graph admits a well-ordered (k, k)-star orientation, and then apply Theo-
rems 3.3 and 3.4 to obtain upper bounds on list star edge chromatic index of k-degenerate graphs, which will prove
Theorem 1.9(a) and (b).

Lemma 3.5. Every k-degenerate graph admits a well-ordered (k, k)-star orientation.

Proof. Let G be a k-degenerate graph. We shall find G,, G,_1, ..., Gy and vy, ..., vy recursively. Define G, = G. We
assume G; is determined and we are to find v; and G;_; according to the following.

(A1) If V>r41(G;) # 9, choose v; to be a vertex in Vsy11(G;) whose degree is at most k in the subgraph G;[Vsy+1(G;)] of G;
induced by Vs+1(Gj).

(A2) If V>141(Gi) = 9 and E(G;) # @, choose v; to be a vertex with maximum degree in G;.

(A3) If Vo1+1(Gi) = 9 and E(G;) = @, let v; be any vertex in V(G) \ {vy, ..., viy1}

(B) For each edge uv; € E(G;) with |Eg,(u)| < k, orient the edge uv; from u to v;.

(C) Set Gi—1 = G; — {uv; € E(Gy) : [Eg(u)| < k}.

Note that, in (A1) such a vertex exists since G is k-degenerate graph and G;[V>+1(G;)] is a subgraph of G. We claim that
this defines a proper vertex enumeration V = (v1, v, ..., vy). To this end, we show that v; # v; for any i # j. Suppose to
the contrary that a vertex v is labeled with v; and v; for some i > j.

We first claim that the degree of v; in G; is not zero. Otherwise, E(G;) = ¥ by (A2) and (A3), and by (A3) again, v; is not
selected, a contradiction. Thus v; € Vsk41(G;) otherwise the degree of v; is zero in G; forany t =i—1,...,j by (C). By
(C), for every w such that viw € Eg,(vi) \ Ej (v), |Eg,_,(w)| > k + 1. Furthermore, by (A1) and (C), we have Eg, ,(v;) < k.
Thus according to (A1), w is always chosen before vertex v; for every w such that v;w € E;(w). This implies that v; has
degree zero in G;, a contradiction. This proves v; # v; for any i # j.

Clearly, this defines an orientation D satisfying (a) and (b) in Definition 3.1. Therefore, (V, D) is a well-ordered (k, k)-star
orientation with V = (vq, v, ..., v;). N

Proof of Theorem 1.9 (a) and (b). Theorem 1.9(a) with A > k+ 3 and Theorem 1.9(b) are implied by Theorems 3.3 and
3.4 with p = q = k, together with Lemma 3.5. It remains to show Theorem 1.9(a) when A € {k, k + 1, k + 2}. We may
also assume A > 4 as the case of A = 2 is trivial and the case of A = 3 follows from Theorem 1.7 (see also [12]).

We compare the bounds in Theorem 2.6 with the desired bound -1 A —*&3) i all cases. The bounds in Theorem 2.6
are better when A € {k, k + 1}. For the case of A = k + 2, when A is odd we have k > 3 and

5k—1 k(k+ 3 k—5 3k+3 1 3
ko1, Mk¥3)N (e k=S, 3kE3 =k —k—=>>0;
2 2 2 2 2 2

when A is even and k > 4, we have

5k—1  k(k+3 k—4 1
(‘ A—<(+)>—(A2+<2 A+2k—1>:2k —2k>0.

2 2
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Fig. 4. A possible configuration.

Now it remains to verify the final case that A = 4 and k = 2. That is, we will show the following statement.

Every 2-degenerate graph G with maximum degree 4 is star 13-edge-choosable.

Let G together with an edge 13-list L be a counterexample to the above statement with |E(G)| minimized.

Let xy € E(G). By the minimality of G, G — xy has a list star edge coloring ¢ with c(e) € L(e) for each e € E(G) \ {xy}.
Denote A(xy) = U, enpun ey €(0)-

(1) For any xy € E(G), |A(xy)| > 13 and thus §(G) = 2.

Otherwise, L(xy) \ A(xy) # @. Thus one can always pick a color in L(xy) \ A(xy) to color xy to extend c to be a list star
edge coloring of G, a contradiction.

Let z be a vertex with minimum degree in G[V>3]. Then z has a neighbor x; of degree 2 in G since G is 2-degenerate
and §(G) = 2.

(I1) dg(z) = 4 and z has exactly two neighbors of degree 2.

If dg(z) = 3, then |A(zx1)] <444+ 4 = 12 < 13, a contradiction to (I).

If z has at least three neighbors of degree 2, then |A(zx{)| <4+ 4+ 2+ 2 = 12 < 13, a contradiction to (I) again.

By (II), let x; and x; be the two neighbors of z with degree 2 and z4, z, be the other two neighbors of z. Let x; # z be
the other neighbor of x; for each i = 1, 2 (see Fig. 4).

By the minimality of G, let ¢’ be a star edge coloring of G — x; — x,. We are to extend ¢’ to a star edge coloring
¢ of G below. Since |UX€N(XH)\{X” c(x)] < 12 and |L(x;x;)] = 13 for each i = 1,2, we first color x;x; with a color in
L(xixii) \ UxeN(x,-,-)\{xi} c’(x). Denote c to be the new coloring of G — zx; — zx, after coloring x;x1; and x,xy;.

(IM) c(x;x;;) & c(z) foreachi=1, 2.

Without loss of generality, assume that c(x1x11) € c(z). Then |c(z1) U c(z2) U c(x11)| < 11, and we first color zx; with
a color « such that @ € L(zx1) \ [c(z1) U c(z2) U c(x11)] and o # c(x2X22). Clearly, this coloring of G — zx, is a star edge
coloring of G — zx,. If c(x2X22) € c(z), then |A(zx,)| < 12 since c(x1x11) € ¢(z), a contradiction to (I). Thus, c(x2x2,) & c(z).

Since c(x1x11) € ¢(z), |c(z1) U c(zz) U c(x1) U {c(x2x22)}| < 10, and so we color zx, with a color 8 € L(zx;) \ [c(z1) U
c(z2) U c(x1) U {c(x2x22)}].

We verify that this results in a star edge coloring. Suppose that P is a bicolored path (or cycle) of length four containing
zX,. By the coloring of zx,, we have [P N E(t)| < 1 for each t € {z1, z5, X1}, and so |P N E(x22)| = 2 and z is an endpoint of
P since c(xx;7) ¢ c(z). However c(x,x2;) € c(w) for each w € N(x,;) and w # x,. This implies that the length of P is at
most three and thus proves (III).

The final step: By (III), we may assume c(x;x;;) ¢ c(z) for each i = 1, 2. Since |c(z1) U c(z2) U {c(x1x11), c(X2X22)}| < 10,
one can color the edges zx1, zx, properly such that c(zx;) € L(zx;) \ [c(z1) U c(z2) U {c(x1X11), c(X2X22)}] for each i =1, 2.

It remains to check this is a star edge coloring. Suppose that P is a bicolored path or cycle of length four containing
zX1 or zx,. Without loss of generality, assume that P contains zx;. For each i = 1, 2, z; is not an endpoint of P since
c(x1X11) & c(z) and z; is not contained in P either since c(zx;) & c(z;) for eachi =1, 2.

Since c(x1x11) & UxGN(xm\[xl}c(x), z is not an endpoint of P. Thus P contains x;zx,. Since |E(P)] = 4, either
c(zx1) = c(xyx22) or c(zxy) = c(x1x11). However by the choice of c(zx;), c(zx;) & {c(x1X11), c(x2X22)} for each i = 1, 2.
This contradiction proves that c is a star edge coloring of G and thus completes the proof. ®
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