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Abstract. A mod (2p + 1)-orientation D is an orientation of G such that dﬁ(v) —dp(v) =0
(mod 2p+1) for any vertex v € V(G). Jaeger conjectured that every 4p-edge-connected graph has a
mod (2p + 1)-orientation. A graph G is strongly Zsp1-connected if for every mapping b : V(G) —
Zopt1 with 37 oy gy b(v) = 0, there exists an orientation D of G such that d$ (v) —dp(v) = b(v) in
Zap+1 for any v € V(G). A strongly Zsp41-connected graph admits a mod (2p + 1)-orientation, and
it is a contractible configuration for mod (2p + 1)-orientation. We prove Jaeger’s module orientation
conjecture is equivalent to its restriction to bipartite simple graphs and investigate strongly Zap41-
connectedness of certain bipartite graphs, particularly for p = 2. We also show that if G is a simple
graph with |[V(G)| > N(p) = 1152p* and min{5(G),§(G°)} > 4p, then either G or G€ is strongly
Zap+1-connected. When p = 2, the value of N(2) can be reduced to N(2) = 80.
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1. Introduction. We consider finite and loopless graphs and follow [2] for unde-
fined terms and notation. Let Z denote the set of integers. For k € Z with k > 1, Z;
denotes the set of all integers modulo k, as well as the (additive) cyclic group of order
k. For a graph G, v'(G) and 6(G) denote the edge-connectivity and the minimum
degree, respectively. If G is a simple graph, then G¢ denotes the complement of G.
For vertex subsets U, W C V(G), let [U, W]g = {uvw € E(G)|u € U,w € W}. When
U = {u} or W = {w}, we use [u, W]g or [U,w]g for [U, W]g, respectively. As in
[2], we define 0¢(X) = [X, V(G) — X]g. The subscript G may be omitted when G is
understood from the context.

Let D = D(G) denote an orientation of G. For each v € V(G), define E}(v)
to be the set of all edges directed out from v and EL(v) to be the set of all edges
directed into v. Following [2], we use d};(v) = |E},(v)| and dj,(v) = |EL(v)] to denote
the out-degree and the in-degree of v under the orientation D, respectively. If a
graph G has an orientation D such that df;(v) — dp,(v) = 0 (mod k) for every vertex
v € V(G), then we say that G admits a modulo k-orientation, or a mod k-orientation
for short. Let My denote the family of all graphs admitting a mod k-orientation.
As a connected graph G has a modulo 2k-orientation if and only if G is Eulerian, we
focus on the case where k = 2p + 1 is odd in this paper.
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Let A be an (additive) abelian group with identity 0, and A* = A —{0}. Assume
that G has an orientation D(G). Following Jaeger et al. [10], we define F(G,A) =
{fIf : E(G) —» A} and F*(G,A) = {f|f : E(G) — A*}. For a function f : E(G) —
A, define 0f : V(G) — A by

ofwy =Y fle— > fle),

eEEg (v) ecEL(v)

where “>"7 refers to the addition in A.

A mapping b : V(G) — Ais an A-valued zero sum functionon Gif } -, v ) b(v) =
0. The set of all A-valued zero sum functions on G is denoted by Z(G,A). For
a mapping b € Z(G, A), a function f € F*(G, A) is a nowhere-zero (A,b)-flow if
Of(v) = b(v) for each vertex v € V(G). A graph G is A-connected if for any b €
Z(G, A), G has a nowhere-zero (A, b)-flow. For a positive integer k, the nowhere-zero
(Z,0)-flow with |f(e)] < k for each edge e € E(G) is known as nowhere-zero k-
flow. Tutte [22] showed that the existence of nowhere-zero k-flow is equivalent to the
existence of nowhere-zero (Zy,0)-flow. The concept of strongly Zsp1-connectedness
was introduced in [14] (see also [13]).

DEFINITION 1.1. Let G be a graph, and let Z(G,Zopi1) = {b: V(G) — Zapi1 |
Zvev(G) b(v) = 0 (mod 2p + 1)}. A graph G is strongly Zg,ii-connected if, for
every b € Z(G, Zap+1), there is an orientation D such that for every vertezx v € V(G),
d5(G) — dp(G) = b(v) (mod 2p +1).

It is routine to see that strongly Zs-connectedness and Zs-connectedness are the
same.

Tutte and Jaeger proposed the following conjectures concerning mod (2p + 1)-
orientations. A conjecture on strongly Zs,41-connected graphs has also been pro-
posed.

CONJECTURE 1.2.
(i) (Tutte [22]) Every 4-edge-connected graph has a nowhere-zero 3-flow.
(ii) (Jaeger et al. [10]) Every 5-edge-connected graph is Zs-connected.
(iii) (Jaeger [8]) Every 4p-edge-connected graph has a mod (2p + 1)-orientation.
(iv) (Lai [13]) Every (4p + 1)-edge-connected graph is strongly Zsop1-connected.

By a result of Kochol [11], Conjecture 1.2(i) is equivalent to its restriction to 5-
edge-connected graphs. Thus, Conjecture 1.2(ii) implies Conjecture 1.2(i). For p = 1,
Conjecture 1.2(iii) is Conjecture 1.2(i).

It is well known that the p = 2 case of Conjecture 1.2(iii), if true, would imply
Tutte’s 5-flow conjecture. It is also known that Conjecture 1.2(iv), if true for p = 2,
would imply the Jaeger et al. conjecture that every 3-edge-connected graph is Zs-
connected (see [17]). Thus, the p = 2 case of Conjecture 1.2(iii) and (iv) deserve
special attention. These conjectures remain open by far to the best of our knowledge.
The best known results so far have been recently obtained by Thomassen [21], Wu
[23], and Lovész et al. [20].

THEOREM 1.3 (Thomassen [21]). Every 8-edge-connected graph is Zs-connected.

THEOREM 1.4 (Lovész et al. [20], Wu [23]). Let p > 0 be an integer. FEvery
6p-edge-connected graph is strongly Zop11-connected.

In this paper, we show that each of Conjecture 1.2(i)—(iv) is equivalent to its
restriction to bipartite simple graphs. This motivates us to investigate the strongly
Zap+1-connectedness of some complete bipartite graphs. The investigation leads us
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to find a Ramsey type theorem on strongly Zg,yi1-connectedness. In [7], Hou et al.
proved the following.

THEOREM 1.5 (Hou et al. [7]). Let G be a simple graph with |V (G)| > 44. If
min{d(G),6(G%)} > 4, then either G or G¢ is strongly Zs-connected.

We extend Theorem 1.5 from p = 1 to all integer p > 0, stated as Theorem 1.6
below. As it is well known that '(G) < §(G) for any graph G, Theorem 1.6 remains
valid if the condition min{§(G),§(G°)} > 4p is replaced by min{x'(G), x'(G°)} > 4p.
Thus in some sense, Theorem 1.6 supports Conjecture 1.2.

THEOREM 1.6. Let G be a simple graph with |V(G)| > N(p) = 1152p*. If
min{é(G),6(G)} > 4p, then either G or G is strongly Zep+1-connected.

While we make minimum efforts to improve the bound N(p) in the general case,
we will show that when p = 2, the value of N(2) can be reduced to N(2) = 80.

THEOREM 1.7. Let G be a simple graph with |V (G)| > 80. If min{é(G),(G°)} >
8, then either G or G is strongly Zs-connected.

In the next section, we will present the mechanisms that will be needed in the
proof of our main theorem, including two of our key tools, stated as Lemmas 2.3 and
2.4, whose proofs are postponed to the last section. The equivalence of Conjecture
1.2 (i)—(iv) to its restriction to bipartite simple graphs will also be shown in the next
section. In section 3, we will prove Theorems 1.6 and 1.7 assuming the validity of
Lemmas 2.3 and 2.4.

2. Preliminaries. We display some elementary properties on contractible con-
figurations and boundary functions related to strongly Zs,1-connectedness of graphs.

2.1. Contractible configurations. For graphs G and H, we use H C G to
mean that H is a subgraph of G. For an edge set X C E(G), the contraction G/X
is the graph obtained from G by identifying the two ends of each edge in X and then
deleting the resulting loops. If H is a subgraph of G, then we use G/H for G/E(H).
Following the notation in [3] and [4], define

M3, 11 = {H : for any graph G with H C G, G € Myy1 <= G/H € Map,1}.

Liang et al. proved that a graph H is in M3, if and only if H is strongly Za,41-
connected.

THEOREM 2.1 (Liang et al. [19]; see also [18]). For any integer p > 0, Mg,
consists of precisely all strongly Zop41-connected graphs.

By Theorem 2.1, we will use Mng to denote the set of all strongly Zopyi-
connected graphs in the following.

LEMMA 2.2 ([13], [14], and [18]). Let G be a graph and let m,p > 0 be integers.
Each of the following holds:

(i) IfGe M3,y and e € E(G), then G/e € M3, ..

(ii) If H € G, and if both H € M3,y and G/H € M3, ,,, then G € M3, .

(iii) Let mKy denote the loopless graph with two vertices and m parallel edges.
Then mKy is strongly Zop41-connected if and only if m > 2p.

(iv) The complete graph K, is strongly Zayi1-connected if and only if n =1 or
n>4p+ 1.

A graph H is a M3, ,-graph if H € M3, ,,. By definition, K is an M3, -
graph. Thus for any graph G, every vertex lies in a maximal Mgp | 1-subgraph of G.
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Let Hy, Ho, ..., H. denote the collection of all maximal Mgp 1 1-subgraph of G. Then
G' = G/(U_,E(H;)) is the M3, -reduction of G. It follows that a graph G is
strongly Zgp1-connected if and only if its M35, ;-reduction is Ki, a singleton. A
graph G is M3, -reduced if G does not have any nontrivial subgraph in M3, ;. By
definition, the M3, ;-reduction of a graph is always M3, ;-reduced. Since contrac-
tion may bring in new parallel edges, even when G is a simple graph, its Mgp t1-
reduction may have multiple edges.

The study of complementary strongly Zsa,1-connected graphs needs the following
lemmas. Lemma 2.4 indicates that when p = 2, Lemma 2.3 can be improved.

LEMMA 2.3. Let p > 0 be an integer. Then Kyp 16p2 15 strongly Zsopy1-connected.
LEMMA 2.4. The complete bipartite graph Kg g is strongly Zs-connected.

The proofs of the two lemmas above will be presented in the last section. Example
2.5 below shows that Lemma 2.4 is sharp in some sense.

Ezample 2.5. The graph K77 has a mod 5-orientation but K77 ¢ Mg.

Let C be a Hamiltonian cycle of K7 7. Then K77 — E(C) is a 5-regular bipartite
graph, and so it has a mod 5-orientation. The mod 5-orientation of K77 — E(C)
together with a strong orientation of C' yields a mod 5-orientation of K7 7. To see
that K77 ¢ Mg, fix zg € V(K77) and define, for any x € V(K77) — {zo}, b(z) =1
and b(xo) = 2. It is routine to verify that b € Z(K77,Zs) and that there is no
orientation satisfying b by a similar arguments of Proposition 2.9 below.

2.2. Boundary functions. Our boundary functions are motivated by the fol-
lowing.

LEMMA 2.6 (Hakimi [6]). Let G be a graph and £ : V(G) — Z be a function such
that 3~ ,ev () {(v) = 0 and {(v) = dg(v) (mod 2) Vv € V(G). Then the following are
equivalent:

(i) G has an orientation D such that dj;(v) — dp,(v) = £(v) Yv € V(G).

(i) |55 £0)] < 06(S)] VS C V(G).

DEFINITION 2.7. Letp > 0 be an integer, let G be a graph, and letb € Z(G, Zapt1)-

(i) An orientation D = D(G) satisfies b if for any v € V(G), df(v) — dp(v) =
b(’U) m Z2p+1.

(ii) Define L(b) to be the collection of all mappings ¢ : V(G) — Z satisfying each
of the following:

(ii-a)

() = {Z(;()U) (I?;‘ijg)* D wevi),

(ii-b) > ev(a) t(v) =0, and
(ii-c) max{£(v) : v € V(G)} —min{f(v) : v € V(G)} < 4p + 2.

(iii) For an £ € L(b), an orientation D realizes { if for any v € V(G), df(v) —
dp(v) =£(v).

LEMMA 2.8 (Proposition 3.1 and Lemma 3.2 in [15]). Let G be a graph and

be Z(G,Zspt1). Then each of the following holds:

(i) L(b) # 0.

(ii) If there is no orientation satisfying b, then for any ¢ € L(b), there is no
orientation realizing €.
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Jaeger et al. [10] constructed the first 4-edge-connected graph which is not Zs-
connected. Other infinite families of 4-edge-connected graphs that are also not Zs-
connected but with additional properties are found in [13] and [16], among others.
The boundary functions can be utilized to extend the construction of Jaeger et al. to
build 4p-edge-connected nonstrongly Zs,41-connected graphs.

PROPOSITION 2.9. For any integer p > 0, there exist 4p-edge-connected non-
strongly Zop,11-connected graphs.

Proof. For i € {1,...,2p+ 1}, let G* be a copy of Ky, with vertex set V(G*) =
{vl,...,vi,} such that if 1 < i < j < 2p+ 1, then V(G') N V(G7) = (. Define
W, = {vévg}rj : 1 < j < 2p} for each t € Zgp+q1. Obtain a graph G = G(p) from
U?ﬁ*l-lgi by adding the new edges UteZz,,HWt' If X C E(G) is an edge cut of G,
then either for some i € Zopi1, X N E(GY) # 0, whence X N (Usez,,., We) # 0 and
so | X| > K'(Kup) +1 > 4p, or X C Uiy Wi whence X contains at least two of
the Wy'’s and so | X| > 2|W;| = 4p. Thus «'(G) > 4p = A(G) = §(G). To show that
G ¢ M3, 1, we argue by contradiction and assume that G € M3, ;. Set b(v) = 4p
for each v € V(G). As [V(G)| = 4p(2p+ 1), we have }°, /() b(v) =0 (mod 2p+1),
and so b € Z(G, Zgpy1). Since G is strongly Zg,11-connected, there is an orientation
D satisfying b. Denote £(v) = d},(v) — dp(v) Yo € V(G). Since b = 4p, {(v) =
d(v) — dp(v) = 4p (mod 2p + 1), and G is 4p-regular, we have ¢(v) € {—2,4p} for
each v € V(G). By checking Definition 2.7(ii-a)—(ii-c), £ € L(b), and thus D realizes
0. For i€ {—2,4p}, let N; = {v € V(G) : L(v) =i}. If 2,y € Nyp with x # y, then by
Definition 2.7(ii), d;(z) = d},(y) = 4p. Since G is 4p-regular, zy ¢ E(G). It follows
that [Ny, NV (G?)| < 1 for any i € Zap 11, and so | Ny,| < 2p+ 1. By Definition 2.7(ii),
we have 0 = 3y ) €v) = 4p[Nip| — 2IN_3| = 4p|Nap| — 2(4p(2p + 1) — | Nip)) <
(2 —4p)(2p + 1) < 0, a contradiction. This contradiction shows that there is no
orientation satisfying b, and so G is not strongly Zs,1-connected. ]

2.3. An equivalent version of Jaeger’s module orientation conjecture.
The main results of this subsection are the following.

THEOREM 2.10. Let p > 0 be an integer. The following statements are equivalent:

(i) Every (4p + 1)-edge-connected graph is strongly Zsa,+1-connected.

(ii) Every (4p+1)-edge-connected bipartite simple graph is strongly Zopi1-

connected.

Proof. (i) = (ii) is straightforward. To prove (ii) = (i), we let G be a (4p + 1)-
edge-connected graph and let m > 4p+1 be an integer. For each edge e = wv € E(G),
subdivide each edge e = uv with a middle vertex z., and attach a graph I'c = K, ,
with a distinguished edge x1y; by identifying the edge uz. with x1y; (see Figure
1). After we have performed this operation on each edge of G, we obtained a simple
bipartite graph I'(G). The construction of I'(G) indicates that «'(I'(G)) > 4p+1. By
(ii), T'(G) is strongly Zg,41-connected. Since

I'(G)/(Ueerp)E(Te)) =2 G,
it follows by Lemma 2.2(i) that G is also strongly Zs,41-connected. |

By the definition of mod k-orientation, if G € My, and e € E(G), then G/e € Mj,.
Thus with similar arguments, we also have the following.

THEOREM 2.11. Let p > 0 be an integer. The following statements are equivalent:
(i) Every 4p-edge-connected graph has a mod (2p + 1)-orientation.
(ii) Fvery 4dp-edge-connected bipartite simple graph has a mod (2p+1)-orientation.
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ov Vo

Fic. 1. The edge transaction.

3. Strongly Zsp4i1-connectedness on complementary graphs. Through-
out this section, p > 0 denotes an integer. We shall assume the validity of Lemmas 2.4
and 2.3 to prove Theorems 1.6 and 1.7. We start displaying some tools that will
be needed in our arguments. For a graph G, define 7' (G) = max{x'(H) : H C
G with |E(H)| > 0}. The lemma below follows from Theorem 1.4.

LEMMA 3.1. Let G' be the M3, -reduction of a connected graph G such that
G' # Ky. Then 7' (G') <6p—1.

LEMMA 3.2 (Gu et al. [5]). Let G be a graph with order n and let k > 0 be an
integer. If & (G) < k, then |E(G)| < (n— 1)k.

LEMMA 3.3. Let G be a simple graph with order n > 24p and |E(G)| > %.
Then G contains a strongly Zopi1-connected subgraph H with |V (H)| > \/n/2 — 12p.

Proof. Let Hy, Ho,...,H. denote the collection of all maximal strongly Zsap1-
connected subgraphs of G. Then G' = G/(Ui_; E(H;)) is the M3, ;-reduction of G.
Let m = maxi<i<.{|V(H;)|}. By Lemmas 3.1 and 3.2, we have |E(G")| < (6p—1)(c—
1), and so

cm?® \V(H )| —1))
T‘i‘ 6p—lc>z +(6p—1)(c—1)
n(n —1)
> ZIE DI+ IB@)] = B@)] =2 =
Since ¢ < n, we conclude that m > /n/2 — 12p. 0

LeEmMA 3.4 (lifting). Let G be a graph, let P = vivs ... v be a path of G, and
let Gp,v,v,) e the graph obtained from G by deleting E(P) and adding a new edge
e = v1vt. If G(py, v, 18 strongly Zapy1-connected, then G is strongly Zap1-connected.

Proof. For any b € Z(G[p,,v,], Lop+1), there exists an orientation D’ satisfying
b. Subdivide D’(e) with internal vertices v, ...,v;_;, and then identity v} with v; for
2 <1 <t —1. This yields an orientation D of G satisfying b. O
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3.1. Proof of Theorem 1.6. Let n = |V(G)|, and for a vertex v € V(G), let
N¢(v) denote the set of all vertices adjacent to v in G. Arguing by contradiction, we
assume that

(1) G is a counterexample to Theorem 1.6 with n = |V (G)| minimized,

and let X = {X C V : G[X] € M3, ; or G°[X] € M3, ,;}. Choose X € X with
|X| maximized, and let Y = V(G) — X. Since max{|E(G)|, |E(G)|} > w =
%n(nf 1), by Lemma 3.3 and as n > 1152p*, we have | X| > \/n/2 — 12p > 24p? —4p.
By (1), |X| < n, and so Y # (. By switching G and G€¢ if necessary, we may assume

Hy = G[X] € M35, ;. By Lemma 2.2(i)(iii), we have
(2) for any y € Y, |[X,yle| < 2p - 1.

Claim A. |Y| > 4p.

As 6(G) > 4p and by (2), we have [Y| > [(Ng(y) - X)U{y} > 4p—(2p—-1)+1 =
2p+ 2. Let Go = G/Hy, and let ug be the vertex in Go onto which Hy is contracted.
We shall show that if |Y| < 4p — 1, then Gy € M3, ;, and so by Lemma 2.2(ii),
G € M3, ;. This contradicts (1) and so Claim A holds.

Assume that |Y| < 4p — 1. For any vertex u € Y, we have

(3) [uo, ulG,| > 4p — dapyy(u) > Y|+ 1 —dgpy(u).

Let ¢t denote the number of different unordered pairs of distinct vertices in Y that
are not adjacent in Gy, and let {uy,us}, ..., {uat—1,us:} be all such pairs. Note that
different u;’s may represent the same vertex of Gg. Let P; = ug;_1ugus; denote a
path of length two in Gy for each 1 < ¢ < t. For each fixed u € Y, there are ¢,
pairs of such pairs {u,u}}, where t, = [Y — (Ngy)(u) U {u})| = [Y] =1 — dg(y)(u)
and Y — (Ngpyj(u) U {u}) = {w1,ws,...,w, }. By (3), these paths Pi,..., P; can
be so chosen that E(P;) N E(P;) = 0 for any 1 < ¢ < j < t. Obtain a graph
G by lifting Py, ..., P.. Then, we have G1[Y] is isomorphic to the complete graph
Kjy|. By the definition of Gy, for each u € Y, [uo,u]g, = [uo,u]c, — {uwow; : w; €
Y — (Nepyy(u) U {u})}, and so by (3),

4) [[uo, ula, | > 4p — dgpy)(u) —t, = 4p — |Y|+ 1 for each u € Y.

As G1 — up contains a complete spanning subgraph isomorphic to Ky, it follows
by (4) that Kypi1/Kapy1-|y| is a spanning subgraph of G;. By Lemma 2.2(iv),
Kypy1 € M3, 1, and so by Lemma 2.2(i), Gy € M3, ;. Therefore, Gy € M3, by
Lemma 3.4. Hence the claim follows.

By Claim A, Y contains a subset Y7 with |Y1| =4p. Let X3 = {z € X : [z,Y1]g =
0}. Thus [X1,Y1]ge is isomorphic to Ky x,|. As [X| > 24p* — 4p and by (2), we
have |X1| > [X| — [Y1](2p — 1) > 16p?, and so by Lemma 2.3, [X1,Yi]ge € M3, ;.
Let Xo = {z € X : |[z,Y1]g-| > 2p}. As |[z,Y1]ge| = 4p > 2p for any = € X1, we
have X; C Xs.

Claim B. | X2| > | X| — (4p — 3).

By contradiction, we assume that |Xo| < |X| — (4p — 2). Then |[X,Yi]ge
[X|- V3]~ (X, Yilg| < [X][Yi]— (4p—2)(2p+1), and s0 (X, Vi]a| > (4p—2)(2p+1) >
4p(2p — 1), contrary to (2). This proves Claim B.

By the definition of X, every edge in [Xa,Y1]|ge/[X1,Y1]ge lies in a (2p)Ko.
By Lemma 22(111), [XQ,}/l]Gc/[Xl,Yl]Gc S Mgp+1. As [Xa}/I]G“ S Mgp+1 and by
Lemma 22(11), [XQ,Yl]Gc S Mgp+1. Thus X, UY; € X and |X2 U Y1| > |X| — (4]) —
3) + |Y1| > | X]|, contrary to the choice of X. This proves the theorem.
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3.2. Proof of Theorem 1.7. While we make no effort to reduce the bound of
N(p) in Theorem 1.6, we in this section will assume the validity of Lemma 2.4 to prove
Theorem 1.7 to show that N(2) can be as small as 80 here. From the proof of Theorem
1.7, one can see that if we can prove Ky, 1,4p+1 is strongly Zg,41-connected, then the
bound on N(p) in Theorem 1.6 may be significantly reduced. Let K;fn denote any
graph obtained from K, ,, by deleting arbitrarily three edges. The following lemma,
a consequence of Lemma 2.4, will be useful in our arguments.

LEMMA 3.5. Kg_j;’ 1s strongly Zs-connected. Thus for integers m,n > 9, K;fn 15
strongly Zs-connected.

Proof. Let G denote a Kgfg’ and E° be the edge set of G°.

Case 1. G° is isomorphic to Ky 3, or P4 (a path on 4 vertices), or P, U Ps.

By symmetry, if G¢ & K; 3, then we may assume E° = {x1y1,21y2, x1y3}; if
G = Py, then we assume E¢ = {z1y1, Z1Y2, T2y1 }; and if G¢ = P,UPs, then we assume
E¢ = {x1y2,71y3,y122}. In any case, let H = G[(X — {z1}) U (Y — {n1})] = Kss.
It follows from Lemma 2.2(iii) that G/H = K;S/Kg)g € M2, and so by Lemmas 2.4
and 2.2(ii), G € M2.

Case 2. G° is a matching.

By symmetry, we assume E° = {191, Z2y2, 3y3}. Let G’ be a graph obtained
from G by deleting the edges y1x2, 22y3, ysz1 and adding edge z1y,. Hence G'[(X —
{22} U (Y —{ys})] = Kgs. By Lemma 2.2(iii), G’/ Ks s € Mg, and so by Lemmas 2.4
and 2.2(ii), G’ € MZ. By Lemma 3.4, G € Mg.

If K;S’ € M3 and if m,n > 9, then by Lemma 2.2(ii)-(iii), K,,?, is strongly
Zs-connected. This completes the proof of the lemma. 0

Proof of Theorem 1.7. We argue by contradiction and assume that
(5) G is a counterexample with |V (G)| minimized.

Define X = {X C V : G[X] € M? or G°[X]| € MZ}. Choose X € X such that |X| is
maximized, and let Y = V(G)—X. As |V(G)| > 80, we have max{|E(G)|, |E(G°)|} >
HV(A|(IV(G)] = 1) = 20(|V(G)| — 1) > 12(]V(G)| — 1), and so | X| > 1 by Lemmas
3.1 and 3.2. By (5), we have 1 < |X| < |V(G)], and so Y # (. By symmetry between
G and G°, we may assume Hy = G[X] € M. Hence by Lemma 2.2(iii),

(6) for any y € Y, |[X,ylc| < 3.

Claim C below follows from a similar argument justifying Claim A in the proof of
Theorem 1.6 with p = 2.

Claim C. |Y| > 8.

Claim C can be further extended to the following.

Claim D. |Y| > 48.

If Y| < 48, then |X| > 32 as |[V(G)| > 80. By Claim C, there exists a subset
Y1 C Y with |Y;] = 8. Let X; = {z € X : [z,Y1]¢ = 0}. By (6) and as || = 8§,
we have |X;| > [X| —3 x 8 > 8. Hence, [X;,Yi]ge = K|x,|s € M35 by Lemma 2.4.
Let Xo = {z € X :|[z,Y1]g<| > 4}. By definition, Xy C Xo. If |X3| < |X]| — 5, then
I[X, Y1]ge| < |X|-|Y1] =5 %x 5, so |[X,Yi]g| > 25 > 3 x 8, contrary to (6). Therefore,
| X2| > |X| — 4. Moreover, [Xs,Y1]ge € Mg by Lemma 2.2(ii)(iii). It follows that
XoUY; € X and | X2 UYy| > | X| —4+ |Y1] > | X|, contrary to the maximality of | X]|.
This proves Claim D.

Define Y = {Y' C Y : G[Y'] € Mg or G°[Y’] € MZ}. Choose Y’ € Y with |Y]
maximized. By Claim D, |Y| > 48 and so we have max{|E(G[Y])|,|E(G°[Y])|} >
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i\Y|(|Y| —1) > 12(]Y] = 1). By Lemma 3.1, |Y’| > 1. By Lemma 2.2(iv), both
|X|>9and |Y’| > 9.

Case 1. G[Y'] € M2. Then |[X,Y']¢| < 3 by Lemma 2.2 (ii)—(iii). Therefore,
[X,Y]ge contains a spanning subgraph isomorphic to K‘;(g‘ly‘y/‘. By Lemma 3.5, we
have [X,Y']ge € M?. Thus XUY’ € X and |XUY'| > X, contrary to the choice of X.

Case 2. G°lY'] € M. Let X' = {z € X : |[z,Y']ge] > 4}. By Lemma
2.2(ii)—(iii), [X',Y']ge € M2. We are to show that | X'| > |X| — 4. By (6), we have
I[X,Y"]¢| < 3|Y’|. It follows that

[ X]- Y= 3lY < X Y] = IX Y gl = (X Y ge] < IXT]- (Y7 4 31X — [X7)).

Thus, |X| —|X'| < 3+ ﬁ. Since [Y'| > 9, |X| — |X'| < 4. Now, we have
[X',Y'|ge € ME and | X' UY'| > |X| —4+9 > |X|, contrary to the maximality of

|X|. This completes the proof of Theorem 1.7. d

4. Modulo orientation on bipartite graph. In this section, we are to jus-
tify Lemmas 2.3 and 2.4, which are needed in the proofs of Theorems 1.6 and 1.7.
Throughout this section, we always denote G = K, , and use (X,Y") to denote the
vertex bipartition of K, ,, where X = {z1,..., 2} and Y = {y1,...,yn}. For any
SCV(G), let zg =|SNX| and ys = |[SNY].

NoOTATION 4.1. For a mapping b € Z(G,Zap+1), let L(b) be defined as in Defini-
tion 2.7. For each £ € L(b) and k € Z, define Ni,(¢) = {v € V : L(v) =k}, N.(¥) =
{veV :Llw) >0}, N_({) ={veV:lv) <0}, Mi(f) = max{l(v) : v € V(G)},
and My(¢) = min{f(v) : v € V(G)}. Throughout the rest of this paper, when £ is
understood from the context, we often use Ny, N., N_, My, My instead. The norm of
£ is defined to be

e =maxq D> L), Y W)

vEXNNL vEY NN
By Definition 2.7(ii), for any b € Z(G, Zap41), if £ € L(b), then

(7) S oaAmol= Y anml= Y ) =o.

M><t<M, —4p—2<t<4p+2 veV(Q)
DEFINITION 4.2. Let b € Z(G, Zapt1) and 1 € L(b) be given. Assume that there
are vertices uy, . .., U, v1, ..., in G such that |¢1(u;) — 1 (v;)] = 4dp+2 for 1 < i < t.
We define by = {1 (uq, ..., ug;v1,...,0), a switch of £y, as follows:
0i(vy) if =y, where 1 < i <t
lby(z) =< (u;) if x = vy, where 1 <1 <t

l1(x)  otherwise.

It is routine to verify that ¢5 € L(b). The following observation follows from
Definition 4.2.

OBSERVATION 4.3. Let G be a graph, k be an integer with 0 < k < 4p — 2,
be Z(G, Z2p+1), and ¢, € L(b)

(1) If {ul, e ,ut} - Nk(él) and {1}1, ey Ut} - Nk_4p_2(£1), then /9 = ll(ul, e
Ug; V1, . .., vg) is a switch of £;.

(ii) If G = K, is a complete bipartite graph with bipartition (X,Y’) and if
[Np(£1)] < |Ng—ap—2(€1)| + 1, then ¢; has a switch 2 € L(b) satisfying either
Nk(lg) g X or Nk(lg) g Y.

(iii) If £5 is a switch of ¢4, then M;(¢1) = My (£s) and My(¢1) = Ms(£s).
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4.1. Proof of Lemma 2.4. Let G = Kgg. By contradiction and by Lemma
2.8, assume that there exists a b € Z(G,Zs) such that for any ¢ € L(b), G has no
orientation realizing ¢. By replacing b with —b if necessary, we may assume there is
an ¢ € L(b) satisfying |M;(¢)] > |M2(¢)|. Hence we may choose an ¢y € L(b) such
that ||€o]] = max{||¢|| : £ € L(b) and |M;(¢)| > |M2(¢)|}. By Lemma 2.6, there exists
an S C V such that

(8) > o

veS

> 0a(9)]-

We shall show that there is an orientation D realizing ¢y to obtain a contradiction.
Throughout the proof, we may choose different S satisfying (8) with additional prop-
erties for some specific purposes in different steps, and let S = V(G) — S. In the fol-
lowing, we use M1, Mo, N, Ny, N_ to denote M; (€o), M2(4y), Ni (o), N+ (¢o), N—(4p),
respectively. Since Kg g is Eulerian, by Definition 2.7(ii), any ¢ € L(b) is even integer
valued, and so M7 and My are even integers. By definition, M; —10 < My < M; <8.

Claim 1. My < 6.

If My = 8, by Definition 2.7(ii), M2 > 8 — 10 = —2. Then for any v € V(G) — N,
we have —2 < {(v) < 6. Thus by (7),

8|Ns| + 6(16 — [Ns| — [N_o|) + (=2)[N_o| > > £o(v) > 8| Ns| + (~2)|N_2].
veV(G)

By >_.ev(g) fo(v) = 0 and algebraic manipulation, we have both [Ns| 4 48 > 4|N_5|
and |N_y| > 4| Ng|, implying that |Ng| < 3 and |[N_z| < 12. Thus

(9) 1ol < > to(v) == D Lo(v) =2|N_5| < 24.

vENL vEN_
We will show that
(10) Nng:(Z) or Nng:(Z)

If not, we may assume {z1,91} € Ns. Since 3. oy, lo(v) < 24, we have |[lof| <
> ven, fo(v) —8 <16 in this case. Moreover, since [N_»| > 4|Ns| = 8, it follows that
XNN_s #Qand YNN_5 # (). We may assume that x9,y2 € N_o. Let £1 = lo(22;y1)
and ly = £y(x1;y2). By Definition 4.2,

max{||&1, [[e2]]} > max { Y Lo(v) +8, D Lo(v) +8 5 =l +8,

vEXNN, vEY NNy

contrary to the maximality of ||{y]|. Therefore, (10) follows.
Choose S C V satisfying (8) with |S| minimized. By (8) and as |S| is minimized,
we have

(11) 24 >

Do)

veES

> 10g(9)| = xs(8 —ys) + ys(8 — xs).

Hence |S| < 3. Clearly, |S| = 1 is impossible since |0g(S)| = 8 = M in this case. If
|S] =2, then |[SNX|=|SNY]| =1 and {y(v) =8 for any v € S, contrary to (10).
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Therefore, we must have [S| =3 and SN X #0,SNY # 0. Hence, by (10),

> o(v)

veS

8+8+6> > 106(89)] = 20.

As £y is even valued, | ) ¢ fo(v)| = 22. By (10), we may assume that S = {x1,y1,y2}
with lo(y1) = fo(ya) = 8 and lo(w1) = 6. Hence by (9), o]l < Y, fo(v) —
min{fo(z1), fo(y1)} <24 —6 = 18. Since [N_5| = 3 Zv€N+ 0(v) = 43, cg lo(v)] =
% = 11, it follows that |[N_o N X| > 4. Without loss of generality, we assume that
23,84 € N_oN X and let fo = fo(x3,24;y1,y2). Then we have ¢ € L(b) with
[[42]] > 8 + 8 + 6 > 18, contrary to the maximality of ||£y||. Therefore, Claim 1 holds.

To continue presenting our arguments, we note that by definition, for any T" C V,
we have

(12) |0c(T)| —

> 40

veT

> 278 —yr) +yr(8 — xr) — Mi(or +yr)

= (8 = My)(xr + yr) — 227Y7T.

Claim 2. M, = 6.
If not, then M; < 4. Pick any T' C V. By the symmetry between T and V(G)—T,
we may assume that |T'| < 8. By (12), we have

> 4

veT

106(T)| — > 278 — yr) + yr(8 — x7) — Mi(z7 + yr)

> z7(8 —yr) + yr(8 — zr) — 4(xr + yr)
=8 — 2(2 — J,‘T)(Q — yT)
1
> 8- §($T+yT—4)2 > 0.
By Lemma 2.6, there exists an orientation D realizing /¢y, leading to a contradiction.
Therefore, Claim 2 holds.
For any S satisfying (8), by (12) with T = S and M; = 6, we have 0 > xg +

Ys — Tsys, and so x5 > 2, yg > 2, 15 < 6, and yg < 6. By swapping S and S in the
arguments above, we also have xg > 2, yg > 2, x5 < 6, and ys < 6. Hence we have

(13) 6>z5>2 and 6> yg > 2.
To estimate |Ng| and |N_4|, it follows from (7) that

6| Ne|+4(16—| Ng|—|N_a)—4|N_4|>0= " " lo(v)>6| Ng|—2(16—|Ng| | N_4|)—4| N_4],
veEV(G)

which implies
(14) 4|Ng| — 16 < |[N_4| <8+ |Ng|/4 and |Ng| < 6.

Case 1. |Ng| = 6. Then by (14), 8 < [N_4| <9, and so both |[Ny| = |Ng| = 6
and 3y, bo(v) = = ey lo(v) = 36. Since [N U N_y| > 2|Ng|, by Observation
4.3(ii), there exists an ¢1, a switch of £y, satisfying Ng(¢;) C X or Ng(¢1) C Y
Hence [[4|| > [|41]| = 36, forcing ||¢o]| = 36. Thus either Ng¢ C X or Ng C Y, and
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so we may assume fo(z;) = 6 for 1 < ¢ < 6. Utilizing the symmetry between S
and S =V — S, we may choose S C V satisfying (8) with - .gfo(v) > 0. Let
L' = {lo(z7),lo(xs), Lo(y1), - - -, Lo(ys)} be a multiset. As fo(x;) =6 for 1 <i <6, it
follows by Definition 2.7 that either nine members in L’ are “—4” and one of them is
“0” or eight members in L’ are “—4” and two of them are “—2”. In either case, we
have

(15) 0< Y lo(v) < 6zs+ (—4)(ys —2) — 4.
veS

Therefore, by (13) and (15), a contradiction is obtained:

D ()

veS

0> |0c(S)] — > 258 —ys) +ys(8 —ws) — [6rs + (—4)(ys — 2) — 4]

=8—-2(6—x5)(1—yg) > 8.

Case 2. |Ng| = 5. Thus, 4 < |[N_4| <9 by (14). Hence

(16) > to(w) ==Y Lo(v) <36 and [Ny < 7.

vENL vEN_

Since |[Ng UN_4| > 9 and |Ng| = 5, by Observation 4.3(ii), there exists an ¢;, which is
a switch of Iy, such that Ng(¢1) C X or Ng(¢1) C Y. Thus |[4o|| > ||¢1]| > 6 x 5 = 30.
We first show that

(17) either Ng C X or Ng C Y.

If both NgN X # 0 and Ng NY # (), then by (16) and the maximality of ||{o||, we
have [[{o|]| =30 =6+ 6+ 6+ 6+ 4 + 2, and so we may assume that {y(z;) = 6 for
1 <i <4, by(xs) = 4,00(xz6) = 2 and £y(y;) = 6. It follows that Zv€N+ ly(v) =
— > ven. fo(v) =6x5+4+42 =36, and so [Ny| =7 and |[N_| = |[N_4| = 9, implying
that 7 € N_4. Set o = lo(x7;y1) to be a switch of £5. Then ||f2| = 36 > ||l
contrary to the maximality of ||{p]|. This justifies (17).

By (17), we may assume that Ng C X and fo(x;) = 6 with 1 < ¢ < 5. By
symmetry between S and S, we may choose S C V satisfying (8) with |S| < 8. Thus,
by (16), 6zs + (4 +2) > | X eslo(v)] > 10c(9)] = z5(8 — ys) + ys(8 — xg), and
so 2xsys — 2¢s — 8ys + 6 > 0, which amounts to (zg — 4)(ys — 1) > 2. As zg
and yg are nonnegative integers with zs + ys = |S| < 8, (zs,ys) € {(5,3),(6,2)}.
In either case, |S| = 8 and 6xs + (4 +2) = |>_ gl (v)|. However, this implies
> ven, to(v) = =32, en_ fo(v) = 36. Hence we must have zg = 5 and [N_| > 9, and
so by |S| =8, £o(S) contains five “6,” one “4,” and one “2,” plus a negative value. It
follows that 6xs + (4 +2) = [, cs lo(v)| < 6xs + (4 +2) — 2, a contradiction.

Case 3. |Ng| < 4. By Claim 2, |[Ng| > 1, and so N_ = N_y U N_4. We have

(18) ) fo(v) < 6|Ng| +4(16 — [Ng| — [N_|) and — Y Lo(v) < 4|N_|.
vENL vEN_

It follows from (18) that >, .y, fo(v) < 2[Ng| 464 — (= >_,cn_ fo(v)), and so

(19) > lov) == > Lo(v) < |Ng| +32 < 36.

vEN L vEN_
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By the symmetry between S and S, we may choose S C V satisfying (8) with
|S| < 8. By (13), we have 6 x 4 + 4(zs +ys —4) > | D ,cslo(v)] > [0c(S)| =
25(8 —ys) +ys(8 — xg), and so (xg — 2)(ys — 2) > 1. This implies that g > 3 and
ys > 3, and so {zg,ys}t = {3,3},{3,4},{3,5}, or {4,4}. By symmetry, we have the
following four subcases.

Subcase 3.1. g = 3 and ys = 3.

Then 32 =6 x4+4(zxs+ys —4) > | Zveséo(vﬂ >25(8—ys)+ys(8—zg) = 30.
Thus, we must have the multiset {¢y(v) : v € S} = {6,6,6,6,4,4}. As zg = 3 and
ys = 3, it follows from (19) that [[o| <36 —6—4—4 =22, and 3y, lo(v) =
=3 pen o(v) > [ X ,cqlo(v)| = 32. Hence 10 > |[N_| > 22 = 8, and so |[N_4| > 6.
Since |Ng U N_4| > 10 > 2|Ng|, by Observation 4.3(ii), there exists an ¢;, which is
a switch of ¢y, such that Ng(¢1) € X or Ng(¢1) C Y. Hence, ||(1]] > 6 x 4 > ||4o]l,
contrary to the maximality of ||£]|.

Subcase 3.2. xs = 3 and yg = 4.

Then 36 = 6 x 4+4(xs+ys—4) > >, cglo(v)| > r5(8—ys) +ys(8—x5) = 32.
Thus,

(20) S ) =— 3 ¢
veENL veEN_

As 36 > [ cgfo(v)] > 34 and by (19), we must have [N_| = 9, [Ny| = 7 and

|N_4| > 8, implying S = Ny. By (20), 6|Ng| + 4|N4| + 2| Na| > 34, forcing |No| < 1.

If [No] = 0, then ||o]] < 36 —4 —4 —4 = 24 by (19). Hence we must have
|N¢| = 4,|N4| = 3 or |[Ng| = 3,|N4| = 4 by (20), and so either [Ny N X| > 2 or
I[Ny NY| > 2. Without loss of generality, we assume that [Ny N X| > 2. Since
IN_4| > 8 and S = Ny, we have |[N_4 U Ng] N X| > |Ng|. By Observation 4.3(i),
there exists an ¢; € L(b), a switch of ¢y by swapping vertices in N_4 U Ng so that
Ne(41) C X. As aresult, ||[€o|| > [[€1]] > 6 x 3+ 444 =26 > 24, contrary to the fact
that |[lo]] < 24.

Therefore, we have |[No| = 1, and so |[f]] < 36 —4 —4 —2 = 26 by (19).
Hence |Ng| = 4 and |N4| = 2 by (20). Without loss of generality, assume that
[[NgU N3] N X| > 2. Since |[N_4| > 8 and S = Ny, we have |[[N_4 U Ng] N X| > | Ng|.
By Observation 4.3(i), there exists an ¢ € L(b), which is a switch of £y by swapping
vertices in N_4 U Ng so that Ng(l2) C X. It follows that ||lg]| > ||f2]]| > 6x4+4+2 =
30 > 26, contrary to the fact that ||¢y|| < 26. This completes the proof for subcase 3.2.

Subcase 3.3. x5 = 3 and yg = 5.

Then [, cslo(v)] > 25(8 —ys) +ys(8 — zs) = 34. By (19), we have 36 >
Yven, bo(v) = =3 ey bo(v) 2 |2, e5lo(v)] = 36, and so we must have [N_| =
IN_4| =9, |Ng| =4, and | Ny4| = 3. These, together with |S| = 8, lead to a contradic-
tion that 36 < |3 _glo(v)| <6 x4+4+4x3—4=232.

Subcase 3.4. g = 4 and ys = 4.

Then |}, cglo(v)] > 25(8 — ys) +ys(8 — xs) = 32. By (19), we have 36 >
Soen, o) = =Y en fo0) > | Tpeslo(v) > 34 Hence we have [N_| =
9 |N+\ = T and [N_4| > 8. Moreover, 32 < [} cqlo(v)| < > cn, lo(v) —2 < 34
by (19) and |S| = 8. Therefore, we have 3>y, lo(v) = =3 ,cn lo(v) = 36.
Hence |[N_| = |[N_4| = 9, leading to a contradiction that 32 < [} _sfo(v)| <
ZUGN+ lo(v) — 4 = 32. This completes the proof of Subcase 3.4, as well as the
theorem.

> 34.

v) =Y lo(v)

veES

4.2. Proof of Lemma 2.3. By contradiction, we assume that there exists a
mapping b € Z(G, Zgp+1) without an orientation satisfying it. Then for any ¢ € L(b),
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there exist no orientations realizing . For each such ¢, by Lemma 2.6, there exists a
subset S C V such that |} g l(v)| > |0c(S)|. Choose £y € L(b). We continue using
My, Ms, Ni, Ny, N_ to denote M (£y), Ma(4o), Nik.(£y), Ni(€o), N—(4o), respectively,
and let S = V(G) — S. We will show that there is an orientation D realizing £y to
obtain a contradiction.

By symmetry between b and —b, we may assume |M; (€o)| > |M2(£p)|. Since 4p
and 16p? are even, by Definition 2.7, M; and M, are even and M; —4p — 2 < My <

Claim 1. My < 4p — 2.

If not, then My = 4p, and so we have

4p| Nup| + (4p = 2)(16p° + 4p — [Nup| — [N_2]) + (=2)|N_2|

>0= > Lo(v) > 4p|Nyy| + (~2)|N_a].
veV(G)
Algebraic manipulations lead to 2p < 2p|Nyp| < |N_o| < (4p—2)(dp+1) + % and
|Nap| < 8p—2+ Hence, |Nyp| < 8p —2, [N_3| < (4p —2)(4p+ 1) + 3, and

2p+1
> lov) == > Lo(v) =2[N_o| < 32" —8p+2.
veENL vEN_

By symmetry between S’ and 57, we may choose S” C V satisfying | >, o £(v)| >
|0c(S")] with zgr < 2p. As zgr < 2p, we have

> to(v)

veSs’

21)  32p°—8p+2> > [06(8")| = 16p°zs + yg: (4p — 2x51).

Hence zg < 1. Clearly, x5 = 0 is impossible since |0c(S")| = 4pys: > | >, cg lo(v)],
contrary to choice of S’. We must have zg» = 1, and so ysr < 4p + 1 by (21). Since
dp(xs +ys) > | D ,cq lo(v)], it follows that

> o

veSs’

|0c(S")| — > 25 (16p* — ys) + ys (4p — x5) — 4p(zs + ysr)

= 16p? — 4p — 2yg > 16p> —12p —2 >0,

contrary to the assumption that |} g fo(v)| > [0c(S")|. This proves Claim 1.
By Claim 1, we have M; < 4p — 2. Choose S C V such that |} _s/lo(v)| >

|0c(S)|. We may further assume ys < 8p? by symmetry between S and S. Since
(4p — 2) (s +ys) > | > ,eg lo(v)], it follows that

>t

vES
(22) = (2 - 2x5)ys + (16p* — 4dp + 2)zs

Note that [0q(S)] — | >, eslo(v)] > 0if x5 = 0 or 25 = 1. Thus, we have yg < 8p?
and 2 < zg < 4p. It follows from (22) that

D lo(v)

veS

|0c(S)| — > 25(16p* — ys) + ys(4p — xs) — (4p — 2) (x5 + ys)

|0c(S)| — (2 —225) - 8p* + (16p? — 4p + 2)z 5

= 16p® — (4p — 2)zs > 16p — 4p(4p — 2) > 0,

a contradiction to | ", s lo(v)] > |0c(S)|. The proof is completed. O

veES

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/13/19 to 221.238.245.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

[11]
[12
13
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
23]

24]

MOD (2p + 1)-ORIENTATION ON GRAPHS 43

REFERENCES

N. ALON AND P. PRALAT, Modular orientations of random and quasi-random regular graphs,
Combin. Probab. Comput., 20 (2011), pp. 321-329.

J. A. BonDY AND U. S. R. MURTY, Graph Theory, Springer, New York, 2008.

P. A. CaTLIN, The reduction of graph families closed under contraction, Discrete Math., 160
(1996), pp. 67-80.

P. A. CaATLIN, A. M. HOBBS, AND H.-J. LAI, Graph families operations, Discrete Math., 230
(2001), pp. 71-97.

X. Gu, H.-J. Lai, P. L1, AND S. Yao, Characterizations of minimal graphs with equal edge
connectivity and spanning tree packing number, Graphs Combin., 30 (2014), pp. 1453-1461.

S. L. HakiMI, On the degrees of the vertices of a directed graph, J. Franklin Inst., 279 (1965),
pp- 290-308.

X. Hou, H.-J. La1, P. L1, AND C.-Q. ZHANG, Group connectivity of complementary graphs, J.
Graph Theory, 69 (2012), pp. 464-470.

F. JAEGER, On circular flows in graphs, in Finite and Infinite Sets (Eger, 1981), in Colloq.
Math. Soc. Janos Bolyai 37, North-Holland, Amsterdam, 1984, pp. 391-402.

F. JAEGER, Nowhere-zero flow problems, in Selected Topics in Graph Theory, Vol. 3, L. Beineke
and R. Wilson, eds., Academic Press, New York, 1988, pp. 91-95.

F. JAEGER, N. LiNIAL, C. PAYAN, AND M. TARSI, Group connectivity of graphs—a monhomo-
geneous analogue of nowhere-zero flow properties, J. Combin. Theory Ser. B, 56 (1992),
pp. 165-182.

M. KocHOL, An equivalent version of the 3-flow conjecture, J. Combin. Theory Ser. B, 83
(2001), pp. 258-261.

H.-J. LA1, Nowhere-zero 3-flows in locally connected graphs, J. Graph Theory, 42 (2003), pp.
211-219.

H.-J. LAL, Mod (2p+ 1)-orientations and K1 2p+1-decompositions, SIAM J. Discrete Math., 21
(2007), pp. 844-850.

H.-J. LA, Y. Liang, J. Liu, Z. M1Ao, J. MENG, Y. SHAO, AND Z. ZHANG, On strongly Zas41-
connected graphs, Discrete Appl. Math., 174 (2014), pp. 73-80.

H.-J. LAL, Y. SHAO, H. WU, AND J. ZHOU, On mod (2p + 1)-orientations of graphs, J. Combin.
Theory Ser. B, 99 (2009), pp. 399-406.

H.-J. La1, R. Xu, AND J. ZHOU, On group connectivity of graphs, Graphs Combin., 24 (2008),
pp. 1-9.

J. L1, H.-J. La1, AND R. Luo, Group connectivity, strongly Zm, -connectivity and edge disjoint
spanning trees, SIAM J. Discrete Math., 31 (2017), pp. 1909-1922.

Y. T. LiaNG, Cycles, Disjoint Spanning Trees, and Orientation of Graphs, Ph.D. dissertation,
West Virginia University, Morgantown, 2012.

Y. T. LiaNG, H.-J. Lal, R. Luo, AND R. Xu, Extendability of contractible configurations for
nowhere-zero flows and modulo orientations, Graphs Combin., 32 (2016), pp. 1065-1075.

L. M. LovAsz, C. THOMASSEN, Y. WU, AND C.-Q. ZHANG, Nowhere-zero 3-flows and modulo
k-orientations, J. Combin. Theory Ser. B, 103 (2013), pp. 587-598.

C. THOMASSEN, The weak 3-flow conjecture and the weak circular flow conjecture, J. Combin.
Theory Ser. B, 102 (2012), pp. 521-529.

W.T. TUuTTE, A contribution to the theory of chromatical polynomials, Canad. J. Math., 6
(1954), pp. 80-91.

Y. Wu, Integer Flows and Modulo Orientations, Ph.D. dissertation, West Virginia University,
Morgantown, 2012.

C.-Q. ZHANG, Integer Flows and Cycle Covers of Graphs, Marcel Dekker, New York, 1997.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	Preliminaries
	Contractible configurations
	Boundary functions
	An equivalent version of Jaeger's module orientation conjecture

	Strongly Z2p+1-connectedness on complementary graphs
	Proof of Theorem 1.6
	Proof of Theorem 1.7

	Modulo orientation on bipartite graph
	Proof of Lemma 2.4
	Proof of Lemma 2.3

	References

