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Abstract A parity subgraph of a graph is a spanning subgraph such that the degrees
of all vertices have the same parity in both the subgraph and the original graph. Let
G be a cyclically 6-edge-connected cubic graph. Steffen (Intersecting 1-factors and
nowhere-zero 5-flows 1306.5645, 2013) proved that G has a nowhere-zero 5-flow if G
has two perfect matchings with at most two intersections. In this paper, we show that
G has a nowhere-zero 5-flow if G has two parity subgraphs with at most two common
edges, which generalizes Steffen’s result.

1 Introduction

Let G be a graph. The set of neighbors of a vertex v in G is denoted by Ng (v). The
degree dg (v) of a vertex v is the number of edges incident with v. An r-regular graph
is a graph with each vertex having degree ». A circuit in G is a 2-regular connected
graph. An r-factor of G is a spanning r-regular subgraph of G. A perfect matching
of G is a I-factor of G. A subgraph P of G is a parity subgraph if dp(v) = dg(v)
(mod 2) for all v € V(G). An even subgraph H of G is a spanning subgraph with
the property that dy (v) = 0 mod 2 for each v € V(G). So a subgraph P is a parity
subgraph of G if and only if G — P is an even subgraph of G. The oddness of G,
denoted by o(G), is the minimum number of odd components in a spanning even
subgraph of G. For § C V(G), let 9G(S) be the set of edges with one end in S and
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another in V(G)\S. If S is a proper subset of V(G), then d5(S) is an edge-cut of G.
A bridge is an edge-cut of order one. A cyclic edge-cut F of G is an edge-cut of G
such that two components of G — F contain circuits. The cyclic edge-connectivity of
G, denoted by ng;, is the minimum cardinality of a cyclic edge-cut of G. We call G is
cyclically k-edge-connected if ny; = k.

Let k be a positive integer and let D(G) be an orientation graph of a graph G. Let
¢ be a function from the set of directed edges of D(G) into the set {0, 1, ...,k — 1}.
For § € V(G) let

8= D wlery— D gle).

ecdt(S) ecd(S)

The function ¢ is a k-flow on G if §,(S) = O for every S € V(G). The support of
@ is the set {e € E(G) | ¢(e) # 0}, and it is denoted by supp(¢). A k-flow ¢ is an
integer nowhere-zero k-flow (NWZ k-flow for short) on G if supp(¢) = E(G). (For
more flexible definitions, see e.g. [11]).

In 1954, Tutte proposed the following conjecture.

Conjecture 1.1 (5-Flow conjecture) Every bridgeless graph has a nowhere-zero 5-

Sflow.

This is one of the famous Tutte’s integer flow conjectures still open.

Tutte also proposed a weaker conjecture that there exists an integer k > 5 such
that every bridgeless graph has a NWZ k-flow. This was proved by Jaeger [5,6] (also
independently by Kilpatrick [8]) for k = 8 (known as 8-flow theorem). This result
was improved by Seymour [10] to k = 6 (known as 6-flow theorem).

Kochol [9] proved that a minimum counterexample to the 5-flow conjecture is a
cyclically 6-edge-connected cubic graph. Hence it suffices to prove 5-Flow Conjecture
for these graphs. Jaeger [7] proved that every bridgeless cubic graph with a 2-factor
having 0 or 2 odd components has a NWZ 5-flow. Steffen [13] improved Jaeger’s
result as follows.

Theorem 1.2 (Theorem 1.2 in [13]) Every cyclically 6-edge-connected cubic graph
with two perfect matchings having at most two intersections has a NWZ 5-flow.

Clearly, for cubic graphs, a perfect matching is a parity subgraph, but not vice versa.
For example, Fig. 1(2) and (3) give two parity subgraphs of Petersen graph with one
common edge and two common edges, respectively.

In this paper, we generalize Steffen’s result to parity subgraphs with few common
edges. The main result is the following.

Theorem 1.3 Let G be a cyclically 6-edge-connected cubic graph and let Py, Py be
two parity subgraphs of G. If | Py N P2| < 2, then G has a NWZ 5-flow.

2 Preliminaries

Lemma 2.1 If G is a bridgeless cubic graph and Py, P, are two parity subgraphs of
G, then o(G) <2|P1 N Pa|.
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(1) (2) (3)

Fig. 1 Petersen graph and its parity subgraphs, where the two parity subgraphs are colored by red and
blue, respectively, and the intersections are bicolored

Proof Let P, = G — P;. Then Pj is an even subgraph. Let C be an odd component
of Pi. Then d5(V(C)) C P,. Since P; is a parity subgraph of G, |0 (V (C)) N P2| =
[06(V(C))| mod 2. Thatis dG(V(C)) N P, # (4. Since one edge in P; N P, appears
in at most two of 3G (V (C)) and C is an odd component of P, o(G) < 2|P; N P»|.0

Let A be an Abelian group with additive notation. A nowhere-zero A-flow (NWZ
A-flow for short) on G is an assignment of a direction and a value of A\{O} to each
edge of G such that the sum of the values of outgoing edges is equal to the sum of the
values of ingoing edges at every vertex of G.

A graph G is called an Fi-graph (for k > 2) (defined in [6,7]) if it satisfies the
following equivalent properties:

(a) for some additive group A of order k, G has a nowhere-zero A-flow;
(b) for every additive group A of order k, G has a nowhere-zero A-flow;
(¢) G has a nowhere-zero k-flow.

A graph G is called a nearly Fy-graph if it is possible to add a new edge to G in
order to obtain an Fz-graph (defined in [7]).
The following two lemmas can be found in [7] or [3].

Lemma 2.2 (Theorem 3.6 in [7], or Theorem 4.5 in [3]) A bridgeless cubic graph G
admits a NWZ 4-flow if and only if G is 3-edge-colorable.

Lemma 2.3 (Theorem 8.1 in [7]) Every bridgeless nearly F4-graph is an Fs-graph.

Jaeger [7] proved that bridgeless cubic graph with a 2-factor having 0 or 2 odd
components is nearly Fy-graph and so is an Fs-graph. The following lemma is an
analogous result.

Lemma 2.4 If G is a bridgeless cubic graph with an even subgraph having 0 or 2
odd components, then G has a NWZ 5-flow.

Proof By Lemma 2.3, it suffices to show that G is a nearly Fs-graph. If the even
subgraph has no odd components, then G is 3-edge colorable and hence a F4-graph
by Lemma 2.2. If the even subgraph has two odd components, say C and C’ (C and C’
may be isolated vertices), then its edges can be colored with colors (0, 1) and (1, 0) in
such a way that each vertex, with exceptions of two verticesv € V(C) and v’ € V(C’),
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is bicolored; if we now join v and v’ by a new edge and color all the uncolored edges
by (1, 1), then the resulting coloring of edges defines a NWZ Z%-ﬂow, O

An orientation D of G is an assignment of a direction to each edge. For S C V (G),
let ag(S) (resp. 95 (S)) be the set of outgoing (resp. ingoing) edges of 9 (S). The
oriented graph is denoted by D(G), dpy g, (v) = |3 ({v})] and dg(G) () = 35 {vD)]
denote the indegree and outdegree of vertex v in D(G), respectively.

We will use balanced valuations of graphs, which were introduced by Bondy [1]
and Jaeger [4]. A balanced valuation of a graph G is a function f from the vertex set
V(G) into the real numbers, such that forall X € V(G) : | >, cx f(V)| < [86(X)].
The following fundamental theorem is given by Jaeger.

Theorem 2.5 (Jaeger [4]) Let G be a graph with orientation D and k > 3. Then G
has a NWZ k-flow if and only if there is a balanced valuation f of G with f(v) =

2 (2d$(c)(v) - dG(u)), forallv € V(G).

In particular, Theorem 2.5 says that a cubic graph G has a NWZ 4-flow (resp. NWZ
5-flow) if and only if there is a balanced valuation of G with values in {2} (resp.
(£3)

If we describe a flow which relies on a specific orientation D of the edges of
G, then we also write (D, ¢). Fori € {1, 2}, let (D;, ¢;) be flows on G. The sum
(D1, ¢1) + (D2, ¢2) is the flow (D, ¢) on G with orientation

D = Dilie: g1(e)202(0)) Y D2lie: gr0)>1(e))»
and with flow value

v1(e) + pa(e), if e received the same direction in D and D»;
ple) = | _ :
p1(e) — pa(e)], otherwise.

Let G be a cubic 3-edge-colorable graph and let ¢ be a 3-edge-coloring of G. A
canonical NWZ 4-flow of G with respect to c is defined as follows (Steffen [13]): For
i,je{l,2,3}withl <i < j < 3,let H; ; be the 2-factor of G induced by the edges
¢! (Hu ¢! (j)- Let @12 be the flow on the directed circuits of Hy » with ¢12(e) = 1
for all e € E(H)2), and let ¢ 3 be the flow on the directed circuits of H» 3 with
¢23(e) =2foralle € E(H23). Then ¢ = @12 + @23 is a NWZ 4-flow on G. Note
that the edges of ¢~1(1) have flow value 1, the edges of ¢~1(2) have flow value 1 or
3, and the edges of ¢~!(3) have flow value 2. The circuits of H, 3 are directed circuits
in D(G).

By the construction of the canonical NWZ 4-flow ¢, ¢ induces a balanced valuation
f of G with f(v) = 2(2dzg(G)(v)—d(;(v)) € {£2}forallv e V.LetA={v | f(v) =
—2}and B = {v | f(v) = 2}. Then A and B forms a partition of V(G). A balanced
valuation which is induced by a canonical NWZ 4-flow is called a canonical balanced
valuation on G.

By the construction of canonical NWZ 4-flow, we have the following observation.
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Observation 2.6 Let ¢ be a 3-edge-coloring of a cubic graph G, and let A, B be a
partition of V(G) which is induced by a canonical NWZ 4-flow with respect to c. If
e=2Xxy € ' UcQ), then the following holds.

(i) ([13]) The two ends of e belong to different classes, i.e. x € Aifandonlyify € B.
(ii) e € c~'(1) and x € A if and only if e is orientated from y to x.

Let G[S] be the subgraph induced by the set S of vertices in a graph G.

Lemma 2.7 Let G be a cubic graph and T C V(G). If |T| > |0g(T)| — 2, then
G|T] contains circuit.

Proof Since |[E(G[T])| = BIT| —96(T)|) = |T| — 1+ (IT|+2—36(T)|) and
|T| > |0g(T)| — 2, |[E(G[T])| > |T| — 1. Hence G[T] is not a tree. O

Lemma 2.8 (Menger’s theorem (directed vertex-disjoint version)) Let D = (V, A)
be adigraph andlet S, T C V. Then the maximum number of vertex-disjoint directed
paths from S to T is equal to the minimum size of vertex set separating S from T.

3 Proof of Theorem 1.3

The first step, we claim that if | P; N P»| < 1, then G admits a NWZ 5-flow.
Claim 1 If|P; N P>| <1, then G has a NWZ 5-flow.

Proof By Lemma 2.1, o(G) < 2|P; N P>| < 2. The result follows directly from
Lemma 2.4. O

Now, it suffices to show that G hasaNWZ 5-flow if G is cyclically 6-edge-connected
and |P N P2| = 2.
Again by Lemma 2.4, we have

Claim 2 [f|P1 N P>| =2 and o(G) = 2, then G has a NWZ 5-flow.

Now we consider the case that |P{ N P| = 2and o(G) = 4.Let PLN Py = {ey, 3}
and let ¢; = v;w; fori =1, 2.

Recall that Py and P, are parity subgraphs of the cubic graph G. For each vertex
v € V(G), dp,(v) = 1l or3,i=1,2and PiAP, is an even subgraph of G, where
P1 A P> denote the symmetric difference of Py and P», i.e. the subgraph of G induced
by the edge set [E(P1) U E(P2)] — [E(P1) N E(P)].

Claim 3 G has an even subgraph H having precisely four odd components with
the property that at most one component is an isolated vertex, and each component
contains precisely one vertex of {vy, v2, wi, wa} (see Fig. 2).

Proof Ifone of Py, P»,say Pp, has at most one vertex of degree three, then H = G — P;
is an even subgraph of G as desired.

Otherwise, both P; and P, have precisely two vertices of degree 3, then P =
P AP, is a 2-factor of G with precisely four odd circuits, as desired. O
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Fig. 2 The even subgraph H /O
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Let C, be the odd component of H containing x for x € {vy, v2, wa, wi}, where
Cy, is either an odd circuit or an isolated vertex.

Let G’ be the suppressed graph obtained from G — {e1, 3} by suppressing the four
degree 2 vertices vy, vz, w1, wy, denote the new edge by suppressing x by e, in G’ for
x € {v1, v, wi, wp}. Then H’, the subgraph of G’ corresponding to H, is a 2-factor
of G’ having no odd component and so G’ is a 3-edge-colorable cubic graph.

Let ¢’ be a 3-edge-coloring of G’ such that the edges of H' are colored with colors
2 and 3 such that e, e,, and e, are colored with color 3, and e,,, are colored with
color 3 if ey, is an edge in a circuit of H', with color 1 if e,,, ¢ H'. Let ¢’ be the
canonical NWZ 4-flow with respect to ¢/, and let A’ and B’ be the partition of V (G’)
with respect to the canonical balanced valuation, say f’, on G’ induced by ¢’. Note
that subdividing an edge does not change flow properties of graphs. Hence ¢’ induces
aNWZ4-flow ¢” on G —{ey, ex}.Set A = A’U{vy, vy} and B = B’U{w;, w;}. Then
A and B is a partition of V(G). Define a map f from V(G) to {£3} with f(v) = 3
ifveAand f(v) = —3ifv e B.

In the following we claim that f is a balanced valuation on G and hence G has a
NWZ 5-flow by Theorem 2.5.

Suppose to the contrary that G does not have aNWZ 5-flow. Then f is notabalanced
valuation. Hence there is a subset S € V(G) such that | >" ¢ f(v)| > [dG(S)]. Let
k=1SNA|—|SNB|. Then, 3k > [d5(S)|.

Claim 4 [3G(S)| = 6 and k = 4.

Proof Note that [0g(S)| = 3|S| —2|E(G[SD| =3(SNA|+|SN B|) —2|E(G[S])|
and k = [|SN A| — |S N BJ||. We have

k=106(S)| (mod 2). )
Moreover, for X € {S, S}, if G[X] contains no circuit, then |E(G[X])| < |X| — 1.

Hence
[06(S)| = 106(X)| = 3|X| —2(|X| = 1) = [X|+2 = 3. ()

Otherwise, [dg(S)| > 6, since G is cyclically 6-edge-connected.
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Let S =(SNA)YUSNB)andletk’ = ||SNA'| —|SN B’||. Then |35/ (S")| >
| > pes f/(v)| = 2k', since f'is a canonical balanced valuation on G” induced by the
NWZ 4-flow ¢’ of G'.

If [{e1, e2} N3G (S)| = 0, then either both of the two ends of ¢; (i = 1, 2) belong to
S or neither of them belongs to S. Hence k' = k. So, 2k < |3g/(S")| = |06 (S)| < %k,
a contradiction.

If|{e1, e2} N3G (S)| = 1, without loss of generality, assume {e1, e2} NG (S) = {e1}
and v; € S, then ¥’ = k — 1 or k + 1. In the worst case, 2(k — 1) < |05/ (S")| =
10G(S)| — 1 < 3k — 1, thatis k < 3. By (2), 3 < |dg(S)| < 3k. This implies that
k =2 and |0g(S)| = 3, a contradiction with Eq. (1).

If {e1, e2} N3G (S)| = 2, theneach of ¢; (i = 1, 2) has one end in S and the another
one in S. Hence, k — 2 < k' < k + 2. So, in the worst case, 2(k — 2) < |3g/(S)| =
[0g(S)| —2 < %k —2,thatis k < 6. By (2), 3 < |3dg(S)| < %k. Hence the possible
choices for (k, [0g(S)]) are (2, 3), (3,4), (4,6) and (5, 8). By Eq. (1), kK must be 4
and |9 (S)| = 6. O

Let g (S) = {e1, e2, f1, 2. f3, fayandlet f; = x;y; (i = 1,2, 3,4). By Claim 4,
we may assume {vy, vz, X1, X2, X3, x4} C S. Let ¢ be the 4-flow on G with supp(p) =
E(G) — {ey, e2}, which is obtained from the (canonical) NWZ 4-flow ¢” on G —
{e1, ex}. Let G' =G - {e1, e2}.

Without loss of generality, assume &k = |S N A| — |S N B|(or we can choose the
orientation with an opposite direction). Let S’ and k’ be the same meaning as in the
proof of Claim 4. Then k' = |’ N A’| — |S'N B’| =2 and 35/ (S") = { f1, f2, f3, fa}.

Note that, for each circuit C of the 2-factor ¢/~ (1) Uc’ " (2), |E(C)Ndg/(S)| = 0
mod 2 and |V(C) N A’| = |V(C) N B’| by Lemma 2.6 (i). So, there are at most two
circuits Cy and C; (maybe C1 = C3) of the 2-factor ¢/~ ! (1) Uc’~1(2) with the property
that [E(C;) N 3g/(S)| = 2fori = 1,2and |[S"NA'N(V(C)UV(C))| — |8 N
B' N (V(Cy) UV(Cy)| = k' = 2. That is two of {f1, f2, f3, fa} are colored with
color 1, say fi, f2, and the others are colored with color 2, say f3, fi, and, moreover,
{x1,x2,x3,x4} € A,

By Lemma 2.6 (ii), f; is oriented from y; to x; for i = 1,2. Then ¢'(f]) =
¢'(f2) = 1 by the construction of ¢’. Since ¢’(f;) = 1 or 3 for i = 3, 4, to guarantee
that 8, (S") = 0, one of {f3, f4}, say f3, is oriented from y3 to x3 with ¢'(f3) = 1,
the other one, say fy, is oriented from x4 to y4 with ¢’ (f4) = 3.

Let

L; ={z € S| Thereisadirected path from v; to z in D(G[S])},i=1,2
and
T» ={z €S| Thereisadirected path from z to wy in D(G[S])}.

Then L; # ¥ since v; € L; fori = 1,2, and T> # ¥ since wy € Ts.

Claim § If|L;| # 2, then v3_; € L;, that is there is a directed path from v; to v3_;
in D(G[S]) fori =1, 2.
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Proof We prove the case i = 2; the case i = 1 can be proved similarly.

Suppose to the contrary that vy ¢ L». Since L, has no outgoing edges in D(G[S]),
f4 is the only possible outgoing edge of L, in G'. Hence Bg, (L2) = @ or { f4}. Since
G is bridgeless, 82,(L2) # () and so 8;;,(L2) = {fa}.

Recall that ¢” is a NWZ 4-flow of G’ (= G — {ey, e»}) induced by the canonical
NWZ4-flow ¢’ on G". Hence 8,/ (L2) = 0. Since ¢”(f4) = 3,9, (L2) < 3.1t follows
that

106 (L2)| = 108 (L2) U 85, (L) Ufea}| = [05,(La)| +2 < 5.

Since |La| # 2, |L2| > 3.

If |85,,(L2)| < 2, then |Ly| > |dg(L2)| — 2. Hence G[L»] contains circuits by
Lemma 2.7.

If 19, (L2)| = 3, then each edge of 9 ;, (L2) has flow value 1 since the only possible
outgoing edge f4 has flow value 3. We claim that |L,| > 4. Suppose to the contrary
that |Ly| = 3. Let Ly = {x4, va, u}. Then |E(G[L2])| = %(3|L2| — |0g(L2)|) = 2
since dg(L2) has five edges. Hence, by the definition of L, D(G[L3]) is a directed
path starting at v2 and ending at x4 or u. This implies that there is an ingoing edge of
dgr (L») incident with v;. But this ingoing edge has flow value 2 by the construction
of the NWZ 4-flow ¢”, a contradiction. Therefore |L,| > 4. Again by Lemma 2.7,
G|[L,] contains circuits.

Note that the circuit C, is a directed circuit in G” for x € {vy, v, wy}. Then at
most one of Cy,, Cy,, Cy, intersects with 95 (S). Since v ¢ Ly and wy ¢ L, at least
one of the circuits Cy,, Cy, is contained in G[L]. It follows that 3 (L) is a cyclic
edge-cut with |0 (L2)| < 5, a contradiction with ny; = 6. O

With a similar discussion, we have the following analogous claim.

Claim 6 If |T5| # 2, then wy € T», that is there is a directed path from w to wy in
D(GI[S)).

If L] # 2 and |T»| # 2, then, by Claim 5, there is a directed path P; from
vy to vy in D(GI[S]), and, by Claim 6, there is a directed path P, from w; to w»
in D(G[S]). Orient the edges e; and e, appropriately such that the circuit C with
E(C) = E(P1) UE(Py) U {ey, ez} is a directed circuit. Let ¢, be a 2-flow on G with
p(e) =1,ife € E(C), and ¢3(e) = 0, otherwise. Then ¢ + ¢, is a NWZ 5-flow on
G, a contradiction with our assumption that G has no NWZ 5-flow.

Now, assume |Ly| =2 or |T»| = 2.

Claim 7 (1) If |Tz| = 2, then ]2; € E(Cy,), T» = {ys, w2} and there is a directed
path from ya to wi in D(G[S]).
(2) If |L2| =2, then fy € E(Cy,) and Ly = {x4, v2}.

Proof (1) Since f; is the only ingoing edge of T» in G”, then y4 € T and T> =

{wa, ya}. If fa ¢ E(Cy,), then V(Cy,) € T (note that Cy, is a directed circuit
in G”), a contradiction with |T2| = 2. Hence f4 € E(Cy,).
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Let
M) ={z €S| thereisadirected path from z to w; inD (G[S])}.

If y4 ¢ Ma, then 9;,(M2) = @ since f4 is the only possible ingoing edge of M>
in G”. Hence 85,,(M2) = () and so 3G (M3) = {e1}, a contradiction with G being

bridgeless. Hence y4 € M3, i.e. there is a directed path from y4 to wy in D(G[SD).
(2) It can be proved similarly to the statement (1). O

If |T;] = 2, by Claim 7 (1), f4 € E(Cy,), T> = {y4, w2} and there is a directed
path, say P(y4, wi), from y4 to wy in D(G[S)). Since fa € E(Cy,), fa & E(Cy))
and f4 ¢ E(C,,). Hence V(C,;,) € S fori = 1,2. So, |[L;| > 3,i = 1,2. By
Claim 5, there is a directed path, say P(vy, v2) from vy to vy in D(G[S]). Orient the
edges e; and ep appropriately such that the circuit C with E(C) = E(P(vy, v2)) U
E(P(ys4,w1)) U {e1, e2} U {yqw»r} is a nearly directed circuit (the edge ysw; is the
only possible edge having a reverse direction and ¢” (y4wz) = 2, y4w, maybe not in
Cif wy € V(P(y4, wy))). Let @3 be a 2-flow on G with ¢(e) = 1, if e € E(C), and
@2(e) = 0, otherwise. Then p+¢; isaNWZ5-flow on G (note that (p+¢2) (vaws) = 1
if yawy € E(C)), a contradiction with our assumption that G has no NWZ 5-flow.

If |Ly] =2, by Claim 7 (2), fa € E(Cy,). Hence f4 ¢ E(Cy,) and f4 ¢ E(Cy,).
So V(Cy,) € Ly and V(Cy,) € T». This implies that [L;| > 3 and |73| > 3. By
Claim 5, there is a directed path, say P (v, v2), from vy to v2 in D(G[S]) and, by
Claim 6, there is a directed path, say P (w1, w3), from wj to ws in D(G[SD).

Let

M, ={z eS| thereisadirected path from z to v; in D(G[S])}
and
M3 ={z €S| thereisadirected path from wp to z in D(G[S]}.

If v, € M| or w; € M3, then we can get a directed circuit C with E(C) =
E(P(wr, wz)) U E(P(v2,v1)) Ufer, e} or E(P(vy, v2)) U E(P (w2, wi)) Ufey, ex}
by orienting e; and e appropriately, where P (v2, v1) is a directed path from v; to vy
in D(G[S]) and P(w», wy) is a directed path from w; to wy in D(GI[S]). Hence we
can define a 2-flow ¢y on G with ¢(e) = 1, if e € E(C), and ¢ (e) = 0, otherwise,
such that ¢ + ¢ is a NWZ 5-flow on G, again a contradiction with our assumption
that G has no NWZ 5-flow.

Now assume vy ¢ M and w ¢ M3. Since M1 has no ingoing edges in D(G[S]),
0 (My) € {f1, f2, 3}

If |86/(M1)| < 2, then |8§,(M1)| < |86/(M1)| < 2 since ¢'(f;) = 1 fori =
1,2, 3. Hence [0 (M1)| = |dg'(M71) U {e1}| < 5. Since fs ¢ E(Cy,) and f3 ¢
E(Cy,), V(Cy) € My and V(Cy,) C ‘M. Hence dg(My) is a cyclic edge-cut of
G, a contradiction with n*& = 6. Therefore, 35,(M 1) = {f1, f2, f3}. With a similar
discussion, we can show that 8&', (M3) = {f1, f2, f3} too.
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Fig. 3 The graph G” in Claim 8

Let M{ = S — M;. Then L, € Mj and Bg,,(Mi) = {/fa}. Hence |3, (M])| < 3
since 9" (f4) = 3. Let M} = S — Ms3. Since M, C M}, y4 € M} and there is a directed
path from y4 to wy in D(G[M}]) by Claim 7.

If [M}| > 4, by Lemma 2.7, G[M]] contains circuit. But |3 (M})| = |dg»(M}) U
{e2}] <5, a contradiction with nj; = 6.

If [M{| = 2, then M| = Ly = {x4, v2}. Note that v, is a bivalent vertex in G”.
Let u be another neighbor of v in G”. Then uv; is an ingoing edge of 9 (M]) with
¢"(uvy) = 2. Hence |0, (M})| = 2 since 8,7 (M{) = 0. Let 3, (M) = {t1 x4, uva}.
Then ¢”(t1x4) = 1. Since u € M|, there is a directed path P(u, v{) from u to vy in
D(GIS]). Orient the edges e1, ex appropriately, we can get a nearly directed circuit
C with E(C) = E(P(u,v1)) U E(P(w1, wy)) U {eq, ea} U {uvy} (the edge uv; has
a reverse direction and ¢” (uv;) = 2). Hence we can define a 2-flow ¢, on G with
p(e) =1ife € E(C), and pa(e) = 0, otherwise, such that ¢ + ¢, is a NWZ 5-flow
on G, again a contradiction with our assumption that G has no NWZ 5-flow.

Now assume | M| = 3.Let M| = {x4, vz, u}. Then M| must be a directed path from
u to x4 in G”. Since ag,,(M{) = {f4} and ¢"(fs) = 3, 95, (M}) contains precisely
three ingoing edges with flow value 1. Let 85//(Mi) = {t1x4, trpu, t3u} and assume
t3u € E(Cy,).

Let P be the strong connected component in D(G[M|]) containing v;. Then C,,; €
P and 3%, (P) C {t1x4, ou, r3u}. If |3, (P)| < 2, then |9, (P)| < 2. Hence dG(P)
is a cyclic edge-cut of G with at most five edges, a contradiction with ng; = 6. Hence

3/ (P) = {t1x4, tau, t3u} with 11, 15, 13 € V(P) (see Fig. 3).

Claim 8 (1) f3 € E(Cy,).
(2) There are two vertex-disjoint directed paths from {vy, wy} to {t1, to, t3} in D(G").
Moreover, the two vertex-disjoint directed paths have pairwise different ends.
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Proof (1) It follows directly from the structure of dg~ (S) (Cy, is a directed circuit in
G” with edges of colors 2 and 3, f3, f4 are the only two edges with color 2 in
dg(S) and f4 € E(Cy,)).

(2) Suppose to the contrary that there is no two such directed paths in D(G").
By Lemma 2.8, there is a vertex y such that each directed path from {vy, wj}
to {t1, tr, 13} passes through y. Since P is a strong connected component of
D(G[M]), there is a directed path from v to t; (i = 1,2,3) in P. Hence
y € V(P) C S.Weclaimthaty ¢ V(Cy,). If not, then the directed path composed
by the directed path from w» to y3 in D(G[M3]), and the segment of C,, from y3
to t3 in D(G[S]) does not pass through y, a contradiction.

Let Q € V(P) be the set of vertices such that all the directed paths from v,
to v € Q do not pass through y. Since y is a vertex of degree 3, the vertex y has
only one ingoing edge or only one outgoing edge. If y has only one ingoing edge,
let Q' = Q\ {y}, then |8(J;,,(Q/)| = 1. If y has only one outgoing edge, let Q' =
0, then |8;,,(Q/ )| = 1. Hence, in either case, we have [d,(Q")| < 3. Therefore,
106 (Q"| = [367(Q") U {e1}| < 5. Since y ¢ V(Cy,), V(Cy,) S Q'. Since Cy, € S,
V(Cy,) € Q. Hence 3G (Q) is a cyclic edge-cut with |3 (Q")| < 5, a contradiction
with ng; > 6.

The two vertex-disjoint directed paths have pairwise different ends follows directly
from the fact that vy, w have out-degree 1 and each t; (i = 1, 2, 3) has in-degree 1
(since t; € P)in G”. O

By Claim 8, we have two vertex-disjoint directed paths, one from v; to f;, say
P(v1, t;),anotherone fromwy tot; (i # j),say P(wo, t}),1, j € {1, 2,3}.By Claim7,
there is a directed path from y4 to wy, say P (y4, wy) in D(G[Mé]). Let P(t;, x4) be the
directed pathin D(G[S]) fromt; to x4 (P(¢;, x4) = t;x4ifi = 1,ortjuvox4ifi = 2, 3).
Then Cy with E(C1) = E(P(v1, 1)) U E(P(t;, x4)) U{fa} U E(P(y4, w1)) U{er}is
a directed circuit in G by orienting e; from w; to v;. Let ¢; be a 2-flow on G with
p1(e) = 1ife € E(Cy), and ¢1(e) = 0, otherwise.

Let P(tj, v2) = tjxqvp if j = 1, or tjuvy if j = 2,3. Then C; with E(C2) =
E(P(wz,1;)) U E(P(tj, v2)) U {ez} is a nearly directed circuit in G by orienting e
from vy to wy (x4v7 is the only possible edge with reverse direction on C3). Let ¢> be
a2-flow on G with ¢r(e) = 1 if e € E(C7), and ¢, (e) = 0, otherwise.

Since there is no directed path from w5 to wy in D(G[S)), P (y4, wy) and P(wo, t})
are vertex-disjoint in S. Hence C; and C, have at most one common edge uv,. Note
that ¢ (uv2) = p(vax4) = 2. Hence ¢ +¢1 4+ ¢2 isaNWZ 5-flow on G, a contradiction
with the assumption that G has no NWZ 5-flow. O
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